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Preface

to help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection processes and

their outcomes at the national level has always been felt. A combined national-level engineering entrance examination
has finally been proposed by the Ministry of Human Resource Development, Government of India. The Joint Entrance Examination
(JEE) to India’s prestigious engineering institutions (IITs, IIITs, NITs, ISM, IISERs, and other engineering colleges) aims to serve
as a common national-level engineering entrance test, thereby eliminating the need for aspiring engineers to sit through multiple
entrance tests.

While the methodology and scope of an engineering entrance test are prone to change, there are two basic objectives that any
test needs to serve: :

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.
2. The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their applicability at the
grassroots level. '

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut measures to
crack the entrance examination. Conventional techniques alone are not enough as most of the questions asked in the examination
are based on concepts rather than on just formulae. Hence, it is necessary for students appearing for joint entrance examination to
not only gain a thorough knowledge and understanding of the concepts but also develop problem-solving skills to be able to relate
their understanding of the subject to real-life applications based on these concepts.

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its useful appli-
cation in all its contexts. It uses a right mix of fundamental principles and_concepts, illustrations which highlight the application of
- these concepts, and exercises for practice. The objective of each book in this series is to help students develop their problem-solving
skills/accuracy, the ability to reach the crux of the matter, and the speed to get answers in limited time. These books feature all types
of problems asked in the examination—be it MCQs (one or more than one correct), assertion-reason type, matching column type,
comprehension type, or integer type questions. These problems have skillfully been set to help students develop a sound problem-
solving methodology.

Not discounting the need for skilled and guided practice, the material in the books has -been enriched with a number of fully
solved concept application exercises so that every step in learning is ensured for the understanding and application of the subject.
This whole series of books adopts a multi-faceted approach to mastering concepts by including a variety of exercises asked in the
examination. A mix of questions helps stimulate and strengthen multi-dimensional problem-solving skills in an aspirant.

It is imperative to note that this book would be as profound and uséful as you want it to be. Therefore, in order to get maximum
benefit from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/concept.

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems, which
equips the students with the knowledge of the field and paves a confident path for them to accomplish success in the JEE.

With best wishes!

‘ ) V hile the paper-setting pattern and assessment methodology have been revised many times over and newer criteria devised

GHANSHYAM TEWANI
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S

1.2 Algebra

CONSTANT AND VARIABLES

In r7zathematics, a variable is a value that may change within
the scope of a given problem or set of operations.

In contrast, a constant is a value that remains unchanged,
thou gh often unknown or undetermined.

Dependent and Independent Variables

_ Variables are further distinguished as being either a dependent

variable or an independent variable. Independent variables
are regarded as inputs to a system and may take on different
values freely.

Dependent variables are those values that change as a conse-
quence to changes in other values in the system.

‘When one value is completely determined by another, or of
several others, then it is called a function of the other value
or values. In this case the value of the function is a dependent
variable and the other values. are independent variables. The
notation fx) is used for the value of the function f with ¥ repre-
senting the independent variable.

For example, y = f(x) = 3x?, here we can take x as any real
value, hence x is independent variable. But value of y depends
on value of x, hence y is dependent variable.

WHAT IS FUNCTION

To provide the classical understanding of functions, think of
a function as a kind of machine. You feed the machine raw
materials, and the machine changes the raw materials into a
finished product based on a specific set of instructions. The
kinds of functions we consider here, for the most part, take in a
real number, change it in a formulaic way, and give out a real
number (possibly the same as the one it took in). Think of this
as an input—output machine; you give the function an input, and
it gives you an output.

INPUT x

FUNCTION /-

OUTPUT f{x)

Fig. 1.1

For example, the squaring function takes the input 4 and
gives the output value 16. The same squaring function takes the
input I and gives the output value 1.

A function is always defined as “of a variable” which tells us
what to replace in the formula for the function.

For example, fix) = 3x +2 tells us:

e The function fi3 a function of x.

e To evaluate the function at a certain number, replace
the x with that number.

JEE (MAIN & ADV.), MEDICAL
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¢ Replacing x with that number in the right side of the func-
tion will produce the function’s output for that certain
input.

¢ In English, the above definition of fis interpreted, “Given
a number, f will return two more than the triple of that
number.”

Thus, if we want to know the value (or output) of the func-

tion at 3:

fx)=3x+2
fB3)=33)+2=11

Thus, the value of fat 34s 11.

_ Note that f{3) means the value of the dependent variable
when “x” takes on the value of 3. So we see that the number 11
is the output of the function when we give the number 3 as the
input. We refer to the input as the argument of the function (or
the independent variable), and to the output as the value of the
function at the given argument (or the dependent variable). A
good way to think of it is the dependent variable f(x) depends
on the value of the independent variable x.

The formal definition of a function states that a function is
actually a rule that associates elements of one set called the
domain of the function with the elements of another set called
the range of the function. For each value, we select from the
domain of the function, there exists exactly one correspond-
ing element in the range of the function. The definition of the
function tells us which element in the range corresponds to the
element we picked from the domain. Classically, the element
picked from the domain is pictured as something that is fed
into the function and the corresponding element in the range
is pictured as the output. Since we “pick” the element in the
domain whose corresponding element in the range we want to
find, we have control over what eléement we pick and hence this
element is also known as the “independent variable”. The ele-
ment mapped in the range is beyond our control and is “mapped
to” by the function. This element is hence also known as the
“dependent variable”, for it depends on which independent
variable we pick. Since the elementary idea of functions is
better understood from the classical viewpoint, we shall use it
hereafter. However, it is still important to remember the correct
definition of functions at all times.

To make it simple, for the function f{(x), all of the possible x
values constitute the domain, and all of the values f{x) (v on the
x-y plane) constitute the range.

| A function is defined as f(x) = x* - 3x.
e value of f(2).
(ii) Find the value of x for which f(x) = 4.

Sol.
dH A2)=02y-3(2)=-2
(i) fix)=4

>3 -3x=4 = -3x-4=0
S0-4)x+1)=0 =r=4o0r-1
This means f(4) = 4 and f{-1) = 4.
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) Exa[nple12 B If f is linear function and f(2) = 4, f(-1)

3, then find f(x). |

Sol. Lett linear function is fix) =ax + b .
Given f(2)=4 =2a+b=4 (1)
Also fA-1)=3 =-ag+bH=3 (2)
Solwving (1) and (2) we get a = % and b = ?
Hence, f(x)=2 ";10

. ¥ +1 .
SET AR A function is defined as f(x) = 2"
x -_—

” lue 1 for any real x?
Also find the value/values of x for which f(x) takes the
value 2. -
S+1
Sol. Here fix) = ~—— = |
3x=-2

= xX*+1=3x-2

= x*-3x+3=0.
Now this equation has no real roots as D < 0.
Hence, value of f{x) cannot be 1 for any real x.
2
For f(x) =2 we have A =2
3x-2
or X>+1=6x-4orx*-6x+5=0
or (x-DEx-5=0
or x=1,5

HECH ARl Find the values of x for which the fol-
lowing functions are defined. Also find all possible values

which functions take.

1 _
D) = ——  Gfw= 222 i fw) = 2
x+1 x—3 x-1
Sol.
. 1
@ fox) =

0 is defined for all real values of x except when
X+

x+1=0

Hence, f{x) is defined forx € R — {-1}.

Lety=
X+ 1 1
Here we cannot find any real x for which y = 1 =0
X+
For y other than ‘0’, there exists a real number x.
Hence, e R-{0}.
x+1
. x=2 .
Gi) fix) = 3 1s defined for all real values of x except when
x—
x-3=0.
Hence, f(x) is defined for x € R — {3}
x=2
Lety= !
X—
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. -2
Here we cannot find any real x for which y = al 3 =1
X—

Note: When aa
x—
which is absurd.

2 =1, wehavex -2 =x—-3or-2 =-3

For y other than ‘1’ there exists a real number x.

Hence, e R—{1}.

x+1
4 2x .
(iii) fix) = " is defined for all real values of x except when
-

x=1=0"

Hence, f(x) is defined for x € R— {1}

Lety= 2
x—1

2
Here we cannot find any real x for which y = _xl =2

2x

Note: When =2, we have 2x = 2x - 2 or 0 = -2 which

»
is absurd.

For y other than ‘2 there exists a real number x.

Hence, € R-{2}.

xX—

x’, x<0
3x-2, 0<x <2, then find

If fix) =
¥+l x>2
the value of f(-1) + f(1)-+ f(3).
-Also find the value/values of x for which f(x) = 2.

Sol. Here function is differently defined for three different
intervals mentioned.
For x = -1, consider fix) = x

= fi-hH=-1

For x = 1, consider f{x) = 3x -2
= fll)=1

For x = 3, consider f{x) = x> + 1
= f3)=10

= f-D+AD+f3)==1+1+10=10

Also when fix) = 2,

for x* =2, x = 2", which is not possible as x < 0.

for 3x — 2 =2, x = 4/3, which is possible as 0 < x < 2.
For x* + 1 =2, x =1, which is not possible as x > 2.
Hence, for fix) =2, we have x = 4/3.

INTERVALS

The set of numbers between any two real numbers is called
interval. The following are the types of interval.
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1.4 Algebra
Closed Interval
xe [abl={x:asx<b)}
< ; ;) >
Fig. 1.2 -
Open Interval
xe (g, b)orla b] ={x:a<x<b)}
-« ; Z >
Fig. 1.3
Semi-Open or Semi Closed Interval
xe [a b] or [a bl={x:a<x<b)}
< o o—»
a b
Fig. 1.4
x € la, b] or(a, blj={x:a<x<b}
) : ; >

Fig. 1.5

Note: A %

o A set of all real numbers can be expressed as (—eo, )
ex € (—c0, a) (b, ) =xe R-[a, b]

e x & (-oga] U[b, o) =>xe R—(ab)

INEQUALITIES

Some Important Facts about Inequalities

The following are some very useful points to remember:

@
(i)

(iii)

(iv)
(v)

(vi)

(vii)

(viii)

(ix)

a<beithera<bora=5b

a < b and b < ¢ = a <« (transition property)

a < b= —a>-b,ie., inequality sign reverses if both
sides are multiplied by a negative number
a<bandc<d=a+c<b+danda-d<b-c.

If both sides of inequality are multiplied (or divided) by
a positive number, inequality does not change. When
both of its sides are multiplied (or divided) by a negative
number, inequality gets reversed.

ie,a<b=ka<kbifk>0and ka>kbifk<0
O<a<bhb=a<bifr>0anda >b"ifr<0

|
a+— =2 for a >0 and equality holds fora =1

Q

a +l < -2 for a < 0 and equality holds for a = -1
a

Squaring an inequality:
If a < b, then @? < b? does not follows always:
Consider the following illustrations:

2<3=4<9, but-4<3=16>9
Alsoifx>2 = x>4, butforx<2=x*2>20
[f2<x<d4=4<x*<16

If2<x<4=0<x<16

(x)

_E[_
Ifxeg b= * 7
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If S<x<4=0<x<25

In fact a < b = a? < b* follows only when absolute value
of a is less than the absolute value of b or distance of a
from zero is less than the distance of b from zero on real
number line.

Law of reciprocal:
If both sides of inequality have same sign, while taking
its reciprocal the sign of inequality gets reversed. i.e., a_
>b>0= l<l anda<b<0= l>l

a b a b
But if both sides of inequality have opposite sign, then
while taking reciprocal sign of inequality does not
change, i.e.

a<0<b= l<l
a b

! s l}, if a and b have same sign
a

—€ (—oo, —} U |i-11; oo), if a and b have opposite signs
a

_Example 1.6 SIUGRLT values of x? for the given values
of x. :
{Hx<2 (i) x > -1 (iii)x =2 (ivyx<-1
Sol. ‘

(i) When x <2 we have x € (— e, 0) U [0, 2)

forxe [0,2), x2€ [0,4)

for x € (-0, 0), x> € (0, o0)

= forx<2,x* € [0,4)u (0, )
= xe€ [0, 00)

(ii) When x>—1 we have x € (= 1, 0) U {0, o)

forxe (-1,0),x*e (0, 1)

for x € [0, o), x* € [0, o) .
= forx> -1,x>€ (0, 1) U0, =)
= xe [0, )

(iii) Here x € [2, o)

= e [4,)

(iv) Here x € (=c0, —1)

valu

(i) x>3

Sol.

= x*e (1, )

. Find the values of 1/x for the given

(i) x <-2 (i) x e (-1,3)- {0}

(i) Wehave3<x<oo

1
= —>—>

= 0<i<—
3

1

(— oo means tends to infinity)
3 x oo
1

X

(ii) Wehave — o <x<-2
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1 11 = x-1+2>22VxeR.
=z 53573773 or 2<(x—1P+2<oo
= ! >l>L ' = l2—12—>0
S x 2 2 (x-1)¥+2
1 1 '
= 0>—>—— 1 1
= —— e |0,—
_ * 2 ' X’ =2x+3 ( 2:'
(i) x& -1,3)-{0} : | Y
= xe€(-1,000U(0,3) (iii) —— = -
x*—x-1 1 5
For xe (-1, 0) (x——) £
1 1 1 T , 2 4
—_—>—> — 1
-1 x -0 (x——) 20,VxeR
(here — 0-means value of x approaches to 0 from its left 2
hand side or negative side) 1) “5 5
1 = (x——) —Z>-.Z . VxeR
= —]l>—>-c0 2 4 4
X
P ) For 12 , we must have
x Iy s
For x e (0, 3) (x 2) 4
1 1.1 1Y 5[5
>—>— ‘ | =22 oo
-0 x 3 [x 2) 46[ 4,0]U(0, )
(here — 0* means value of x approaches to 0 from its 1 ’ 4
right hand side or positive side) 5 € 5 (0, =)

I 1
= o> —>—

X
= 1 < ! <o 2)
3 X
From (1) and (2), il € (—o0,— 1)U (%oo] i) vx* -4 (i) /9 —x? (iii) x> -2x +10
X
| . Sol.
Note: Forx € R- {0}, —e R—{0} (i) Vx*—4
x
Least value of square root is 0 when x> = 4 or x =+2. Also
PECACRREE Find all possible values of the following ¥-420
expressions: ‘ Hence, /T “4 € [0, ).
. 1 1 1
i) — i) — (i) — ——
x* +2 x*-2x+3 ¥’ —x-1 (i) V9—x
Sol Least value of square root is O when 9 —x* =0 or x =13.
. —_ 24 =
() We know that 2 >0 x € R. Also, the greatest value of 9 — x? is 9 when x = 0.
= x*+222,VxeR. Hence, we have 0 <9 - x> <9 = /9-x* € [0, 3].
or 25(x*+2)< o
ese 2 _ 1\2
N SO B , i) Vx? —2x+10 = \J(x—1)*+9
2 x+2

| | Here, the least value of /(x—1)> +9 is 3 when x - 1 = 0.
= 0< <— '
¥+27 2 Also (x—= 12 +929 = J(x~1)2+9 >3

(ii) 1 ! Hence, y/x* —=2x+10 € [3, =).

-2x43  (x-1P+2
Now we know that (x - 1?20V x e R.
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1.6 Algebra

GEINERALIZED METHOD OF INTERVALS FOR
SOLVING INEQUALITlES

Let F(x)='(x—aq, ) (x—a, )Az (x=a,_ )kn—l (x—a, )k”

where k], kz, ey k” € Zanda,a, ...,qa are fixed real numbers
satis fying the condition

a<a<ax<..<a <a
1 2 3 n

n-1
For solving F(x) > 0 or F(x) < 0, consider the following algo-
rithm:

o We mark the numbers a, a,, ..., a on the number axis and
put the plus sign in the interval on the right of the largest
of these numbers, i.e., on the right of @ .

e Then we put the plus sign in the interval on the left of g,
if & is an even number and the minus sign if k£ is an odd
number. In the next interval, we put a sign according to the
following rule:

¢+ When passing through the point ¢ _, the polynomial

F(x) changes sign if k_, is an odd number. Then we
consider the next interval and put a sign in it using the
same rule.

e Thus we consider all the intervals. The solution of the
inequality F(x) > 0 is the union of all intervals in which
we have put the plus sign and the solution of the inequality
F(x) <0 is the union of all intervals in which we have put
the minus sign.

Frequently used Inequalities

i) x—-a)x-b)<0=xe€ (g b), wherea<b -
i) G-a)x-b)>0=x€ (-0, a) U (b, ), wherea< b
(ii) ¥<a*=>xe [-4 d]
(iv) X 2@ = xe (—oo,—a] U [a, =)
(v) fax+bx+c<0,(a>0)=xe (& f), where &, f(cx< fB) are
roots of the equation ax> + bx + ¢ =0
i) Fa+bx+c¢>0,(@>0) = x e (-0, @) U (B, o), where
o, B (a < ) are roots of the equation ax® + bx + ¢ =10

§ Solve x2—x=2>0.

Sol. X»-x-2>0

= x-2)x+1)>0
Nowx’—x-2=0=x=-1,2.
Now on number line ( x-axis) mark x = -1 and x = 2.
Now whenx>2,x+1>0andx-2>0
= (x+Dx-2>0
when— 1 <x<2,x+1>0butx-2<0
= x+DHx-2)<0
whenx<—-1,x+1<0and x-2<0
= x+Dx-2)>0
Hence, sign scheme of x> —x — 2 is

B + - +

- I |

_1 )

Fig. 1.6

\]

From the figure, ¥» —x -2 >0, x € (—o0, 1) W (2, o).
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Solvex?—~x -1<0.

_Example 1.11 |
Sol. Let’s first factorize x> —x — 1.

Forthatlet x>—x—1=0

14 1245

2 2

1+
Now on number line (x-axis) mark x = —

+ - +

-
<

\]

Fig. 1.7

From the sign scheme of x> —x— 1 which shown in the given
figure,

¥X-x-1<0= xe(

1-J5 1445
2

2

Solve (x - 1)(x ~2)(1 - 2x) > 0.

Sol. We have (x— 1)(x = 2)(1 — 2x) > 0

or ~(x-Dx-2)2x-1)>0
or x—-Dx-2)2x-1)<0
On number line mark x =1/2, 1, 2
- -+ - +

R I | |

12 1 .2
Fig. 1.8

When x > 2, all factors (x — 1). (2x — 1) and (x — 2) are posi-
tive.

Hence, (x - D(x-2)(2x—1)>0forx>2.

Now put positive and negative sign alternatively as shown
in figure.

Hence, solution set of (x — D(x —2)}1 —2x) >0 or (x = 1)
(x—2)2x - 1) < 01is (-0, 1/2) U (1, 2). '

A
A

. Solve 2x +1) (x—-3) (x +7) < 0.

Sol. 2x+DEx-3)x+7)<0
Sign scheme of (2x + 1) (x = 3) (x + 7) is as follows:

- + - +
« T T 1
-7 12 3

Fig. 1.9

Y

Hence, solution is (—ee, =7) W (=1/2, 3).

Solve £<3.
x

= z—3<0
X

(We cannot crossmultiply with x as x
can be negative or positive)
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2-3x ) -1
= P 0 , } From (1) and (2) x € [\/_S—T 1} (as x is +ve)
3x-2 ’
= a >0
x .
2 1 2x-1
(x—2/3) EINJIERVIR Solvé - - <
= T >0 # ¥=x+1 x+1 x*+1
-2 2 2x—
Sign scheme of w=2/3) is as follows: Sol. 3 m! f : 2
) X - x=x+1 x+1 x +1
- - > 2x+1)-( —x+1)—Q2x—1)
-« T T > - =—x+D)-(2x—
0 213 . = 2 20
(x+D(x" —x+1D
Fig. 1.10 L S —x=2)
= X€ (=, 0) U (273, ) x+DE —x+1)
. - —(x=-2)(x+1
Example 1.15 RN 2x 323. = MZO
T ooy 3x-5 ( x+1 )( xS —x+ 1)
Sl 2x=3 =  27* 50 where x#l1
) 3x—5 X —x+1
2x%-3 B 2—=x20,x#-1,(asx*—x+1>0forVxe R)
= -320 = x<2, x#~-1
3x-5
o 2xo3-9x#lS i Solve x(x + 2)%(x — 1)5(2x — 3)(x - 3)* 2 0.
325 A .
Sol. Let E = x(x + 2)%(x ~ 1)°(2x — 3)(x — 3)*.
= :M > Here for x, (x — 1), (2x — 3) exponents are odd, hence sign
3x-5 : of E changes while crossing x = 0, 1, 3/2. Also for (x + 2),
7x-12 {x — 3) exponents are even, hence sign of E does not change
= <0 hi : — —
3x—5 while crossing x =-2 and x = 3.
Further for x > 3, all factors are positive, hence sign of the
) Tx=12 . ; ; TERE . : .
Sign scheme of is as follows: expression starts with positive sign from the right hand side.
xX— The sign scheme of the expression is as shown in the fol-
_ + - + N lowing figure.
3 I I >
5/3 12/7 ‘_|_|+|_|+|+;
Fig. 1.11 -2 0 1 32 3
= x e (5/3,12/7} : Fig. 1.12
x =5/3 1s not included in the solutions as at x = 5/3 denomi- Hence, for E > 0, we have x € [0, 1] U [3/2, )

nator becomes zero.

am|e1.16 Solvex > \/(1-x).

. Solvex(2 - 1)(3 -9 (x-3)<0.

Sol. Let £ = x(2* - 1)(3* = 9)(x - 3)

Sol. Given inequality can be solved by squaring both sides. ,
Here2'-1=0=x=0and when3 -9=0=>x=2

But sometimes squaring gives extraneous solutions which N N 0.2 and 3 cal I
do not satisfy the original inequality. Before squaring we S_OW H;fz r= ’_;m .c.)me.a I’ll;mbel" lﬁe'h dsi
must restrict x for which terms in the given inequality are well 1gn of £ starts with positive sign rom rig t han 31.de.
defined Also at x = 0, two factors are 0, x and 2* — 1, hence sign of E

PR o does not change while crossing x = 0.
x> §(=x) ..Here x must be positive. Sign scheme of E is as shown in the following figure.
Here +/1—x isdefinedonly when 1 —x>0 orx<1 (D

+ + - +
Squaring given inequality but sides x*> 1 — x < T ] | —>
0 2 3
:>x2+x—1>0::>[x—_l_\/gj[x—_l+\/§]>0 [ * ]
2 2 2" -1
_1-45 1445 Fig. 1.13
= x< or x> (2)

From the figure, we have £ <0 forx e (2, 3).
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1.8 Algebra

2
Find all possible values of x2

_Exarmple 1.20

x“=2
x+1
Sol. Lety= —
x =2
= yx*-2y=x"+1
,  2y+l
= X° =
y—1
2y+1
Now x>0 = J >0
y—
2y+1
Now x*2 0= Y >0
y—

= y<-1/2 or y>1

Solving Irrational Inequalities

Solve Vx-2 >2-1.

Sol. We must have x — 2 = 0 for vx—2 to get defined, thus x

=2

Now +/x—2 >-1, as square roots are always non-negative.
Hence, x > 2. )

Note: Some students solve it by squarihg it both sides for which
x— 2 =1 orx 23 which cause loss of interval [2, 3).

Solve vx—1>+/3—x.

Sol. Vx—1>+3—x is meaningful ifx— 1 20and3-x=0

or [£x<3 (1)
Also  ~x—-1>+3-x
Squaring, we have x—1>3 -x

= x>2 ‘ )
From (1) and (2), we have 2 < x < 3.

Solve x+\/;2\/;—-3.

Sol. x+\/;2\/;—3 is meaningful only when x = 0 (N
Now x+\/;2«/;—3
= x2-3 (2)

From (1) and (2), we have x 2 0.
IR Solve (x' — 4Wx—1<0.
Sol. (x*—4Wx’-1<0

We must have x> =120

or x-Dx+1)=20

or x<-lorx21 (1)
Also (X2 —MNxP =1<0
= x*-4<0
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= -2<x<2 (2)
From (1) and (2), we have x € (-2, - 1] U [1, 2)

ABSOLUTE VALUE OF x

Absolute value of any real number x is-denoted by [x| (read as
modulus of x).

The absolute value is closely related to the notions of magni-
tude, distance, and norm in various mathematical and physical
contexts.

From an analytic geometry point of view, the absolute value
of a real number is that number’s distance from zero along the
real number line, and more generally the absolute value of the
difference of two real numbers is the distance between them.

Let’s look at the number line:

Fig. 1.14

The absolute value of x, denoted “|x|” (and which is read as
“the absolute value of x™), is the distance of x from zero. This is
why absolute value is never negative; absolute value only asks
“how far?”, not “in which direction?”. This means not only that
I3] = 3, because 3 is three units to the right of zero, but also that
|-3| = 3, because -3 is three units to the left of zero.

When the number inside the absolute value (the “argument”
of the absolute value) was positive anyway, we did not change
the sign when we took the absolute value. But when the argu-
ment was negative, we did change the sign.

If x > O (that is, if x is positive), then the value would not
change when you take the absolute value. For instance, ifx=2,
then you have'|x| = |2| = 2 = x. In fact, for any positive value of
x (or if x equals zero), the sign would be unchanged, so:

Forx>0, |x|=x

On the other hand, if x < O (that is, if x is negative), then
it will change its sign when you take the absolute value. For
instance, if x = —4, then |x| = 4| = + 4 = —(-4) = —x. In fact,
for any negative value of x, the sign would have to be changed,
80:

Forx <0, |x| =—
. >
Thus |x| = *  x20
—x, x<0
Also \x? —I,\]—IJ\ x=20
1)& x<0
ie., 2 :\/273: N(=2) = [(_2)3}“2 = 2 isabsurdas Vx* =1x|
(-2y =1-21=2

Thus square root exists only for non-negative numbers and its
value is also non-negative.

Some students consider \/Z =+2, which is wrong.

In fact \/(—4)’ =1-4[=4
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,/(l——\/z)z =11-21=2 -1 etc.

Also some students write /x> =+ x which is wrong, infact,

\/;c?:lxlz{x’ x=20

-x, x<0

Also ?< b= \Jg? <Jp? = |a| <|b|
. Graph of function f{x) = y = |x|

x 0 +1 +2 3

Fig. 1.15

We can see that graph of y = || is in [* and 2™ quadrant only
where y =0, hence |x| 2 0.

| Solve the following:

()| =5 ({i)x*=|x|-2=0

Sol. '

(i) |x| = 5, i.e., those points on real number line which are at
distance 5 units from “0”, which are =5 and 5.
Thus, |x]|=5=x=x5
(ii)
x*—xf=2=0
= |xF-l¥-2=0
= (xXI=2)(xt+ 1)=0
= =20 |x+120)
= x=x2

_Example 1.26 magull the value of x for which following
expressions are defined:

. 1 1
® Vx—1lxl (i) Jx+ixl
Sol.

(i) x - = {

x—x=0,ifx=20

x+x=2xifx<0
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= x—Q<0forallx
1
= ———— does not take real values for any x € R
x—lxt

1
—7— is not defined for any x € R.
Jx=Txl

(i)
) x+x=2x,ifx>20
x+ x| = )
x=x=0,if x<0

1
—7— is defined only when x> 0
Jx+lxl

What is the geometric meaning of |x — y|?
|x — y| is the distance between x and y on the real number
line.

Solve the following:
(i) 2[x +1>~ |x +1| =3

-2/ =

Sol.

(i) |x=2|=1,1i.e., those points on real number line which are
distance 1 units from 2.

< T —® I —0— >
0 1 2 3
Fig. 1.16

As shown in the figure x = 1 and x = 3 are at distance 1
units from 2,
Hence, x=1orx=3.
Thus |x—2|=1
= x-2=%1
= x=lorx=3
(ii)
2k + 1P-jx+1]=3

= 2x+1P—x+1-3=0

= 2+ 1P-3x+1j+2x+1-3=0
= Qk+1-3)x+1]+1)=0

= 2x+1-3=0

= |x+1/=372

= x+1=x372

=

x=12orx=-5/2

{x—a,xZa

lx—al= , where a>0
a—-x, x<a

F(x), f(x)20
—f(x), f(x)<0’

In general, | f(x) Iz{ where y = f(x) is any

real-valued function.

_Example 1.28

Solve the following:
(i) x-2/=(x-2)

(i) x+3|=-x-3

(iii) ¢’ -x|=x*-x
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(iv) |27 —x =2 =2+x-x INx—1-21+1x—1-31=(x-1-2)-(x—1-3) .

=
Sol. — Jx—1-2>0and/x-1-3<0
() |x-2/=(x-2),ifx-2>00rx22
(i) |xc+3|=-x—3,ifx+3<00rx<-3 = 2s5Jx-153
(iii) [x*~x|=x"-x,ifx*—x2=0 = 4<x-1<£9
= x(x-1=20 = 5<x<10

= x€ (=0, 0] U[l, )

(v) |x*-x-2|=2+x-x

L _x-2<0 22, x<-1
= (x-2GE+D=0 Vet 4 2x+1-4x* =2x41 = {2x, -1<x<1
= -1<£x<2 _ 2, x>1

Solve 1-x=+/x*-2x+1. Sol. i +2x+1—+/x* —2x+1
Sol. 1—-x=+x"-2x+1 : =\Rx+1)2—\/(x—1)2

_Example 1.29

— Iex=Afx-1)? =lx+1l-lx-1
= l-x=lx-1l —x—1-(1-x), x<-1
= 1-x20 =3x+1-(1-x), —-1<x<1
= x<1 . , x+1-(x-1), =x>1
Solve |3x - 2| = x. =2, x<-1
Sol. |3x-2] ) =42x,—1<x<1
Case (i) 2, x>1

When3x—-220o0rx=2/3

For which we have 3x-2=xorx=1.
Case (ii)

When 3x-2<0orx<2/3

For which we have 2 —3x=xorx = 1/2.

(i) For 2 <x <4, find the values of |x|.

Hence, solution set is {1/2, 1}. (i) For - 3 <x <-1, find the values of |x|.
iii) For -3 < 1, find the values of |x|.
TINEIN  Solve x| =x*- 1. (iii) For -3 <x <1, find the values of |x]
5 o (iv) For -5 <x <7, find the values of |x - 2.
Sol.
y ; 2 —1=xwhenx>0 (v) For 1<x <35, find the values of |2x - 7.
21 = g
or x’-1==xwhenx<0 Sol.
1+
xz—x—l=0:>x:——2—5(a5x20) (i) 2<x<4 .
Here values on real number line whose distance lies
~1-4/5 between 2 and 4. '

X*+x-1=0=>x= (as x < 0)

Here values of x are positive = |x| € (2, 4)

(if) —3<x<-1
Here values on real number line whose distance lies

,;t+3—4\/xT1+\/x+8—6\/;—_1=1 between 1 and 3 or at distance 1 or 3.
=1<[x<3

Sol. \[x+3-4yx—1 +yx+8-6Jx—1 =1 (i) -3 <x <1

For-3<x<0,x € (0, 3]
= Jr—lodfxT+d+x-1-6Jx—-1+9 =1 For0<x<1, e [0, 1)

, Sofor-3<x<1,xe [0,1)u(0,3]orxe [0, 3]
2 2 _
= a-1-2F +Ifx—1-3P =1 () _5<x<7

= lx=1-21+I4x-1-31=1 =>-T<x-2<5

=0<|x-2|<7

_Exam le 1.32 § Solve
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(v) 1£x <5
=2 <2x<10
= 5<2x-7<3
=|2x-7| € [0,5]
For x € R, find all possible values of

(i) 4 - |2x + 3|

@ jr-3/-2
Sol.

(i) We know that |[x-3|20V xe R
= x-3-22-2

= |[x-3]-2€ [-2,0)

(ii) We know that 2x+3|>0Vxe R
= —|2x+3|<0
= 4-{2x+3[<4
or  4-2x+3|€ (~co, 4]

P £ Find all possible values of
@ Jlxt=2 (i) (iii) /4 —~/x?
Sol.

@ VJixi-=2
We know that square roots are defined for non-negative

values only.
It implies that we must have |x| - 2 > 0.

3-ix-1!

=lx1-220

(ii) +/3—Ix—11 is defined when 3 —|x-1/20

But the maximum value of 3 — |x - 1] is 3 when |x— 1] is 0.
Hence, for +/3~1x—11[ to get defined, 0 <3 — |x— 1| < 3.

= 3 lx-lie [0.43]

Alternatively, [x— 1] 20
= —|lx-1/<0
= 3-[x-1j<3

But for {/3—| x~11! to get defined, we must have

0<3—xr-1]<3=0<B-1x-11<3
(i) y4—vx = Jaix]

=0
= -|x<0
= 4-|x<4

But for v4—1.x1 to getdefined0<4 - |y <4

= 0<v4-1x1L2

Solve [x - 3|+ |[x - 2|=1.

_Example 1.37 |
Sol. [x-3|+kx-2|=1

B

= |x-3+x-2/=CG-x)+(x~-2)
= x-3<0andx-220

= x<3andx 22

= 2<x<3
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Inequalities Involving Absolute Value
(1) |x| <a (wherea>0)

It implies those values of x on real number line which are
at distance a or less than a.
< * | - >
—a 0 a

Fig. 1.17

= -a<x<a

eg X <2=-2<x<L2

X <3=-3<x<3

In general, [f(x)| < a (where a > 0) = - a < fix) < a.

(i1) Ix| =a (where a > 0) -
It implies those values of x on real number line which are
at distance a or more than a
-« B T *— >
-a 0 T a

Fig. 1.18

=x<—-aorxza

e.g [x23=>x<-3orx=3.

X>2=>x<-2o0rx>2

In general, |[f(x)| 2 a = fix) <—aorfix) =2 a
(iil) a < x| £ b (where a, b > 0)

It implies those value of x on real number line which are at
distance equal @ or b or between a and b.

G TR

a b

Fig. 1.19

= [-b,-alula b]
eg 2<h <4 =xel-4,-2] (2, 4]

(iv) jx+y| <|x| + [y if x and y have opposite signs.
|x — y| < |x| + |y| if x and y have same sign.
[x+ ¥ = |x] + [y| if x and y have same sign or at least one of
x and y is zero.
|x— y| = |x] + [y| if x and y have opposite signs or at least one
of x and y is zero.

NRCIWCRIETE  Solve x’- 4lx| +3 <0.

Sol. x—4x+3<0

(= 1)(Ix| -3) <0
I<x]<3
~3<x<-lorl<x<3
xe (=3,-1Hu(l,3)

LIV

Solve 0 < |x] < 2.

_Example 1.39 &

Sol. We know that [x| 20,V xe R
But given x| >0 = x=0
Now 0 < [x| <2

= xe€(-2,2),x#0

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



, JEE (MAIN & ADV.), MEDICAL
ﬁ-EV'ﬁOMéL';'S'&% + BOARD, NDA, FOUNDATION

1.12 Algebra

= xe€ (=2,2)-{0}

_.:::E__‘:xa:mple L2 Solve |x + 1| + [2x -3 =4.

Example 1.40_SCOICHEE TS Sol. Let flx) =px + 1] + [2x 3
Sol.  [3x-2| <4 A, B.fix) = |Cfx)z4 |[D.ANC _
s _4<3x_2<4 x<-1 - 1-x+3-|2-3x=4 | Nosuchuxexists
= -2<3x<6 2x =x=-2/3
= -2B<x<2 ~1<x<3/2|x+1+3-2x|4-x=4 x=0
=x=0
IR Solve 1<|x-2]<3. | x>32  |x+1+2-3|3r-2=4 |x=2
Sol. 1<[x-2|<3 =x=2
= —3<x-2<-lorl<x-2%<3 Hence, solutions set is {0, 2}

= —1<x<lor3<x <S5
= xe[-1,1]u[3,5]

E - Solve x|+ [x-2|=2.

Sol. We have |x| + [x—2| =2
Solve 0 < |x - 3| < 5. = |[x+Px-2/=x-(x-2)

Sol. O<[x-3]<5 = x(x-2)<0
= 0<x<£2

= —5<x-3<0or0<x-3<5
= —-2<x<3o0r3<x<8
= xe[-2,3)u(3,8]

Solve 2x - 3| + [x - 1| = |x - 2|.

, Sol. [2x—3|+|x—1|=|2x-3)-(x-1)

"Solve | |x-1] -2| <S5. = (2x-3)x-1)<0

Sol. |lx-1]-2/<5 . , = 1=x<3/2
= -S<[x-1|-2<5
= -3<|x-1<7 .
= p-1]<7 Sol. [ +x—4|=x*—4| +|x

_Example1.43 |

B Solve [x* +x - 4| =|x*— 4| + |x|.

= -T<x-1<7 = x(x*-4)20
= -—-6<x<8 : ' = x(x-2)x+2)20

Solve | x _;?,| >2 = x€[-2,0]U[2, )

_Example 144 __

Sol. |{x-3]22 NRCIWCRIENE  If(sinx +cosx|=|sinx|+|cosx| (sinx, cosx
= x-3<-2o0rx-322 # 0), then in which quadrant does x lie?

= x<lorx=25 Sol. Here we have [sin x + cos x| = [sin x| + |cos x].

It implies that sin x and cos x must have the same sign.

Solve | [x| - 3| > 1. Therefore, x lies in the first or third quadrant.

_Example 1.45 .

Sol. |[[x]-3]>1

= |x-3<-lorlx-3>1 U CREP A Is [tan x + cot x| < [tan x| + |cot x| true for
= Ix<2or|x>4 any x ? If it is true, then find the values of x.
= —2<x<2orx<-4dorx>4 . Sol. Since tan x and cot x have always the same sign,
tan x + cot x| < |tan x| + |cot x| does not hold true for any value
I2CIICREC  Solve v — 1] + [x - 2[ 2 4. of x.

Sol. Let fix) =[x — 1] + |x - 2]

A. B. f(x) C.flx)>4 "|D.ANC ;
X—
x<1 l-x+2-x|3-2x24=x<-2/3 |x<-1/2 Sol. T <1
=3-2x
1<x<2|x—1+2-x|1>4, notpossible o 1< X734
:14 x+l
x>2 x—1+x=-212x=-324=x2712 |(x=7/2 . x—3_1§0 and OSX_3+1
=2x-3 x+1 x+1
Hence, solutions is x € (—oo,—1/2] W [7/2, o). ' -4 2x =2
e ( Jul ) - <0 and 0< X
x+1 x+1
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= x>-land{x<-lorx2>1)} 2x 1

= x =21 12 Solve st 2 xtl
BT ISR Solve |v* - 2x| + |x — 4 > [x? - 3x +4) 13. Sobve ) Y2l Lo qi) Jro2<3
Sol.  We have [~ 24| + [4— x| > 2 — 2x + 4 — x B
= (xX2-20)4-x)<0 - | 14. Which of the following equations has maximum number of
= xG-2)x-4>0 real roots?
= x € (0,2)U4,o) : ) x--2=0

() x*-2)x|+3=0
——{ Concept Application Exercise 1.1 | ——— | (i -3xi+2-0
' ' T({AV) X+ 3 +2=0
. Find the number of solutions of the system of equation x + 2y
1. Iff{x) = {x° 1<x<3,then which of the following is greatest ? =6and|x-3|=y.

2-3x,x>3 : . . :
16. Find the values of x for which flx) = |———— is
£0), £3). i), A2) defined. Ix-21-(x—2)

2. If f{x) is quadratic function such that A0) = — 4, fll)=—5and
fl=1) =-1, then find the value of f(3). :

x+3, x<1 _ ' 15

17. Find all values of x for which f(x) = x + vx° .

3. Find the value of x? for the following values of x: 18. Solve | X +2 =2
@ [-5.-1 (i) (3,6) x-1
(i) (-2, 3] (iv) (-3, o) (V) (oo, 4) 19. If |x* - 7| £ 9, then find the values of x.
4. Find the values of 1/x for the following values of x: 20. Find the values of x for which +/5~12x—31 is defined.
@ @29 (i) [-5,-1 21. Solve jlx-2| - 3| <5.
(iii) (3, ) @iv) (—o0, - 2] 22. Which of the following is/are true?
(v) [-3,4] ' (@) If |x + y| = |x| + [y], then points (x, y) lie in 1% or 3 quadrant

f the x-axi -axis.
5. Which of the following is always true? Of any Of the x-axis or y-axis

1 e 1 nd th _
(@) Ifa <b, then a?< b (b) If |x + y| < |x| + |y|, then points (x, y) lie in 2 or 4 quad:

. rant.
(b) Tfa<b, then 5L () I bx — y| = |x| + |yl, then points (x, y) lie in 2" or 4» quad-
a b rant.
{¢) If a <b,then|al < (b] 23. Solve x> —x— 2|+ [x+ 6] = |x*— 2x - §.
6. Find the values of x which satisfy the inequalities simultane- 24. Solve |x|=2x-1.
ously: 25. Solve 2 - 1]+ ]2*+ 1} = 2.
) 3<2x—1<19 (ii) ~1< 2x5+3 <3 26. Solve [x*—4x+3|=x+ 1.
27. Solve |x? - 1|+ [x* — 4| > 3.
7. Find all the possible values which the following expressions 28. Solve |x— 1] -[2x - 5| =2x.
take. : -
. 2=5x
® Ar—d SOME DEFINITIONS
Real Polynomial
(i) Jx?-7x+6 Leta, a, a,, ..., a, be real numbers and x is a real variable.
e i exe6 Then,f(x) =a, + a, x+ qzxz + .+ an.x” is called a real polyno-
iii) 3 mial of real variable x with real coefficients.
X —
Complex Polynomial
8. Solve w«) ) Ifay,a,a, ... a, are complex numbers and x is a varying com-
(2x-35) plex number, then f{x) = a, + ax + ax’+---+a x"is called a
2x+3)(4—=3x (x—4) . complex polynomial. ora polyno.mial of comp.lex coefficients.
9. Solve =2 0. Rational Expression or Rational Function
An expression of the form
10. Solve FICHIG=T) g P(x)
lx—-41{x+6)
, Q(x)
11. Find all possible values of f{x) = 12—x . where P(x) and Q(x) are polynomials in x is called a rational
x°+3 . expression.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



1.14 Algebra

In the particular case when Q(x) is a non-zero constant,
P(x)
O(x)

reduces to a polynomial. Thus every polynomial is a rational
expression but the converse is not true. Some of the examples
are as follows:

2_
(1) x4 2) X —5x + 4
x=2
2
3)— ! @) x-F—I—,i.e., x4l
x-2 X

Degree of a Polynomial
A polynomial f(x) =a, + ax +ax*+ --- + a x", real or complex,
is a polynomial of degree n, if a # 0.

The polynomials 2x* — 7x2 + x + 5 and (3 — 2i)x* — ix + 5 are
polynomials of degree 3 and 2, respectively

A polynomial of second degree is generally called a quadratic
polynomial, and polynomials of degree 3 and 4 are known as
cubic and bi-quadratic polynomials, respectively.

Polynomial Equation

If f(x) is a polynomial, then f{x) = 0 is called a polynomial equa-

tion.

If f(x) is a quadratic polynomial, then f(x) = 0 is called a qua-
dratic equation. The general form of a quadratic equation is ax®
+ bx + ¢ =0, a#0. Here, x is the variable and a, b and c are
called coefficients, real or imaginary.

Roots of an Equation
The values of the variable satisfying a given equation are called
its roots.

Thus, x = a is a root of the equation fix) = 0, if f(a) = 0.
For example, x = 1 is a root of the equation x* —6x* + 1lx -6 =
0,because ' —6 x 1+ 11 x1-6=0.

Similarly, x = @ and x = @? are roots of the equation
x% + x + 1 =0 as they satisfy it (where w is the complex cube
root of unity).

Solution Set
The set of all roots of an equation, in a given domain, is called
the solution set of the equation.

For example, the set {1, 2, 3} is the solution set of the equa-
tionx* = 6x*+ 11x-6=0.

Solving an equation means finding its solution set. In other
words, solving an equation is the process of obtaining all its
roots.

Example 1.55 If x =1 and x = 2 are solutions of the
equation x° + ax? + bx + ¢ = 0 and a + b = 1, then find the
value of b.

Sol. Since x = 1 is a root of the given equation it satisfies the

equation.
Hence, putting x = | in the given equation, we get
a+b+c=-1 ()
but given that
a+b=1 (2)
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= ¢=-2
Now put x = 2 in the given equation, we have
8+4a+20-2=0

= 6+2a+2a+b)=0
= 6+2a+2=0
= a=—4
= b=5
BECIGIERRI Let f(x) = ax” + bx + ¢, where a, b, c € R

and a #0. It is known that f(5) = — 3 f(2) and that 3 is a root

“of f(x) = 0, then find the other root of f(x) = 0.

Sol. fixy=ax*+bx+c
Given that f{5) = -3 f(2)
25a+5b+c=-3(4a+2b+c)

or 37a+ 11b+4c=0 ) )
Also x = 3 satisfies fix) =0

. 9a+3b+c=0 (2)
or 36a+ 12b+4c=0. 3)

. [Multiplying Eq. (2) by 4]
Subtracting (3) from (1), we have '
a-b=0
= a=b =>hQpub=a,
= 12a+c=0o0rc=-12a
Hence, equation f{x) = 0 becomes
ax*+ax—12a=0
or x2+x-12=0

or (x-3)x+4)=0 or x=-4,3

_Example 1.5 A polynomial in x of degree three van-
ishes when x = 1 and x = -2, and has the values 4 and 28
when x = -1 and x = 2, respectively. Then find the value of
polynomial when x = 0.

Sol. From the given data fix) = (x — 1) (x + 2) (ax + b)
Now fi-1) =4 and f(2) = 28
= (-1-DEE1+2)(-a+b)=4
and = (2-1D2+2)2a+b)=28
= g-b=2and2a+b=7
Solving,a=3and b =1
= f=E-Dx+2)Cx+1)
= fl0)=-2

= j If (1-p)isaroot of quadratic equation
x* +px + (1 —p) =0, then find its roots.

Sol. Since (1 — p) is the root of 'quadratic equation
X+px+(1-p)=0 (1)

So (1 — p) satisfies the above equation
(I-pP+p1-p)+(1-p)=0
(1-p)[1-p+p+1]1=0

(1-p@A=0
= p=1
On putting this value of p in Eq. (1), we get
X*+x=0

= x(x+1)=0
= x=0,-1
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JSCITe LA The quadratic polynomial p(x) has the
floi properties:
px) can be positive or zero for all real numbers
p(D=0andp(2)=2.
Then find the quadratic polynomial.

Sol. p(x) is positive or zero for all real numbers

also pH=0
then we have p(x) = k(x — 1)%, where k > 0
Now p(2)=2

= k=2

px)=2(x-1y

GEOMETRICAL MEANING OF ROOTS (ZEROS)
OF AN EQUATION

We know that that a real number & is a zero of the polyno-
mial f(x) if f(k) = 0. But why are the zeroes of a polynomial
so important? To answer this, first we will see the geometrical
representations of polynomials and the geometrical meaning of
their zeroes.

We know that graph of the linear function y = fix) =ax+ b
is a straight line.

Consider the function f{x) = x + 3.

Fig. 1.20

Now we can see that this graph cuts the x-axis at x = - 3,
where value of y = 0 or we can say x + 3 = 0 (or y = 0) when
value of x = -3. Thus, x = -3 which is a root (zero) of equation
X + 3= 01is actually the value of x where graph of y =fix) =x +
3 intersects the x-axis.

Consider the function f(x) = x? — x — 2, now for f{x) = 0 or x*
—x—2=0,wehave (x—2)(x+ 1)=0orx=—-1orx=2. Then
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graph of f{x) = x> — x — 2 cuts the x-axis at two values of x, x =
-l and x=2.
Following is the graph of y = f(x).

SRR U SO N5 3.~ S AP S

Fig. 1.21

Consider the function f{x) = x* — 6x2 + 11x — 6, now for
fix)=0we have (x — D(x—2) (x—3)=0o0rx =1, 2, 3. Then
graph of y = f(x) cuts x-axis at three values of x, x =1, 2, 3.

Following is the graph of y = f(x).

Fig. 1.22

Consider the function f{x) = (x> — 3x + 2)(x> — x + 1), now for
fixy=0wehave x=1orx=2,as x>~ x+ | =0 is not possible
for any real value of x. Hence, f(x) = 0 has only two real roots
and cuts x-axis for only two values of x, x = | and x = 2.
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Following is the graph of ¥ = f{x).

Fig. 1.23

Thus, roots of equation f(x) = 0 are actually those values of x
where graph y = f{x) meets x-axis.

Roots (Zeros) of the Equation f(x) = g(x)

Now we know that zeros of the equation fx) = O are the
x-coordinates of the points where graph of y = f(x) intersect
the x-axis, where y = 0 or zeros are x-coordinate of the point of
intersection of y = f{x) and y = 0 (x-axis)
Consider the equation x + 5 = 2.
" Let’s draw the graph of y = x + 5 and y = 2, which are as
shown in the following figure.

y
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Fig. 1.24

Graph of y = 2 is a line parallel to x-axis at height 2 unit
above x-axis. Now in the figure, we can see that graphs of y = x
+ 5 and y = 2 intersect at point (-3, 2) where value of x = -3,

Also fromx+5=2,wehave x=2 - 5 or x =— 3, which is
a root of the equation x + 2 = 5. Thus root of the equation x + 5
=2 occurs at point of intersection of graphs y=x+5and y=2.

Consider the another example x* — 2x = 2 - x. Let’s draw
the graph of y = x>~ 2x and y = 2 — x as shown in the following
figure.
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Fig. 1.25

Now in the figure, we can see that graphs of y = x* —~ 2x and
y = 2 — x intersect at points (-1, 3) and (2, 0) or where values
of x are x =— 1 and x = 2, which are in fact zeros or roots of the
equation x? - 2x=2-xorx’—x—-2=0.

The given equation simplifies to x> — x — 2 = 0. So one can
also locate the roots of the same equation by plotting the graph
of y = x2 — x — 2, then the roots of equation are x-coordinates of
points where graph of y = x? — x — 2 intersects with the x-axis
(where y = 0), as shown in the following figure.

>

1
[

7 Fig. 1.26
From the above discussion we understand that roots of the
equation f(x) = g(x) are the x-coordinate of the points of inter-
section of graphs y = f(x) and y = g(x).

B2CIWICRES [n how many points graph of y = x* - 3x?

+ 5x — 3 intersect x-axis?

Sol. Number of point in which y = x* -~ 3x? + 5x — 3 intersect the
x-axis is same as number of real roots of the equation x* — 3x?
+5x-3=0.
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Now we can see that x = | satisfies the equation, hence one
root of thie equation is x = 1.

Now dividing x* — 3x* +5x — 3 by x — 1, we have quotient
2 =2x+ 3. ‘

Hence equation reduces to (x — 1)(x* - 2x + 3) = 0.

Now x?—2x+3=00r (x— 1)+ 2 =01is not true for any real
value of x. :

Hence, the only root of the equation is x = 1.

Therefore, the graph of y = x> — 3x* + 5x — 3 cuts the x-dxis
in one point only.

B2CI I CRECYIE In the following diagram, the graph of

“ (x given.

Fig. 1.27

Answer the following questions:
(a) what are the roots of the f(x) = 0?
(b) what are the roots of the f(x) = 4?
(c) what are the roots of the f(x) = 10?

Sol.

(a) The root of the equation f{x) = 0 occurs for the values of x
where the graphs of y = f{x) and y = 0 intersect.
From the diagram, for these point of intersection x = —1
and x = 2. Hence, roots of the equation f{x) = 0 are x = -1
and x = 2.

(b) The root of the equation f{x) = 4 occurs for the values of x
where the graphs of y = f(x) and y = 4 intersect.

JEE (MAIN & ADV.), MEDICAL
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From the diagram, for these point of intersection x = -2
and x = 3. Hence, roots of the equation f{x) = 0 are x = -2
and x = 3.

(c) Also roots of the equation f{x) = 10 are —3 and 4.

Which of the following pair of graphs

_Example 1.62
intersect? .
(i) y=x’-xandy=1
(i) y=x*-2x +3andy =sin x
(i) y=x*~x+1landy=x -4

Sol. y=x*>-xandy =1 intersectif X’ ~x=1=x*~x-1=0,
which has real roots. .

y=x"—2x+ 3 and y = sin x intersect if x> — 2x + 3 = sin x or
(x — 1)* + 2 = sin x, which is not possible as L.H.S. has the least
value 2, while R.H.S. has the maximum value 1.

y=x'—x+1landy=x—4intersect if >~ x+ l =x—4 or
X*—2x + 5 =0, which has non-real roots. Hence, graphs do not
intersect. ' »

Prove that graphs y = 2x — 3 and y = x?

— x never intersect.
Sol. y = 2x — 3 and y = x* — x intersect only when x* — x = 2x — 3
orx’-3x+3=0
Now discriminant D = (-3)> —-4(3)=-3 <0

. Hence, roots of the equation are not real, or we can say that
there is no real number for which 2x — 3 and x> — x are equal (or
y=2x -3 and y = x? — x intersect).
Hence, proved.

KEY POINTS IN SOLVING AN EQUATION
Domain of Equation

Itis a set of the values of independent variables x for which each
function used in the equation is defined, i.e., it takes up finite
real values. In other words, the final solution obtained while
solving any equation must satisfy the domain of the expression
of the parent equation.

2
Example 1.64 BRSPS ¥ -2x-3 0.
2
Sol. Equation £ =2%=3 _ ¢ is solvable over R — {~1]
x+1
Now f——zx—_:S =0

x+1
= xX*-2x-3=0o0r(x-3)x+1)=0
= x=3(asxe R-{-1})

BECUCAEERE Solve (x° —4x)Vx® -1 =0.

Sol. Given equation is solvable for x2~ 1 >0
or X € (_°°7 _1] [l’ oo)

(X —4x)WxP-1=0

= x(x=-2)(x+2Wx*-1=0
= x=0,-2,2,-1,1
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But x € (=00, — 1] UL, o) ' Test 1: Leading Co-efficient

=> x=11,12 If  is odd and the leading coefficient a_ is positive, then the

graph falls to the left and rises to the right:

i

3x—4 _6x—x"-6

,x#1

= =
x=1 x—1

= 3x-4=6x-x-6x#1

= x*-3x+2=0,x%#1

= x=2

[T S

b | X
—
<

[RONDEEVIGEY SRR PGS SO

e mm =l

Extraneous Roots

While simplifying the equation, the domain of the equation
may expand and give the extraneous roots.
For example, consider the equation Jx =x-2. If n is odd and the leading coefficient a, is negative, the
For solving, we first square it , graph rises to the left and falls to the right.
SO \/; =x-2 ’
= x=(x-2) {on squaring both sides]
= x*=5x+4=0
= (@-1Dx-4)=0
= x=14
We observe that x = 4 satisfies the given equation but x = 1 does
not satisfy it.
Hence, x = 4 is the only solution of the given equation.
The domain of actual equation is [2, o0).
While squaring the equation, domain expands to R, which gives '
extra rootx = 1.

Fig. 1.28
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Loss of Root
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Cancellation of common factors from both sides of equation
leads to loss of root. Fig. 1.29
For example, consider an equation x* — 2x = x — 2
= x(x-2)=x-2
= x=1
Here we have cancelled factor x — 2 which causes the loss of ; ; y
root, x =2 :
The correct way of solvingis
X =2x=x-2
= x*-3x+2=0
= E-Dx-2)=0
= x=landx=2.

If n is even and the leading coefficient a_ is positive, the
graph rises to the left and to the right. :
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GRAPHS OF POLYNOMIAL FUNCTIONS

When the polynomial function is written in standard form, f(x)
=ax'ta, X" '+ - +ax+a, (a,#0), the leading term is
ax" In other words, the leading term is the term that the vari-
able has its highest exponent. The degree of a term of a polyno-
mial function is the exponent on the variable. The degree of the
polynomial is the largest degree of all of its terms.

For drawing the graph of the polynomial function, we con-
sider the following tests.

|
)

1
i
|
|

|
1
)
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If n is even and the leading coefficient @ is negative, the
graph falls to the left and to the right
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Fig. 1.31

Test 2: Roots (Zeros) of Polynomial

In other words, when a polynomial function is set equal to zero
and has been completely factored and each different factor is
written with the highest appropriate exponent, depending on the
number of times that factor occurs in the product, the exponent

on the factor that the zero is a solution for it gives the multiplic-

ity of that zero.
The exponent indicates how many times that factor would be
written out in the product, this gives us a multiplicity.

Multiplicity of Zeros and the x-Intercept

If r is a zero of even multiplicity:

This means the graph touches the x-axis at r and turns around.
This happens because the sign of f{ix) does not change from

one side to the other side of r.
See the graph of fix) = (x —2)* (x— D)(x + 1).

JEE (MAIN & ADV.), MEDICAL
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If r is a zero of odd multiplicity:

" This means the graph crosses (also touches if exponent is more

than 1) the x-axis at r. This happens because the sign of f{x)
changes from ore side to the other side or 7.
See the graph of fix) = (x — DBx-2)(x - 3)* .

Fig. 1.33

Thus, in general, polynomial function graphs consist of a
smooth line with a series of hills and valleys. The hills and val-
leys are called turning points. The maximum possible number
of turning points is one less than the. degree of the polynomial.
The point where graph has turning point, derivative of func-
tion f{x) becomes zero, which provides point of local minima
or local maxima. Knowledge of derivative provides great help
in drawing the graph of the function, hence finding its point of
intersection with x-axis or roots of the equation f{x) = 0. Also
we know that geometrically the derivative of function at any
point of the graph of the function is equal to the slope of tangent
at that point to the curve.

Consider the following graph of the function y = flx) as
shown in the following figure.
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In the figure, we can see that tangent to the curve at point
for which x < —1 and x > 1 makes acute angle with the positive
direction of x-axis, hence derivative is positive for these points.
For—1 < x < 1, tangent to the curve makes obtuse angle with the
positi ve direction of x-axis, hence derivative is negative at these
points. At x = —1 and x = 1, tangent is parallel to x-axis, where
deriv ative is zero.

Here x = -1 is called point of maxima, where derivative
changes sign from positive to negative (from left to right), and
x =1 is called point of minima, where derivative changes sign
from megative to positive (from left to right). _

At point of maxima and minima, derivative of the function
is zero.

SCTULICREYAE Using differentiation method check how
many roots of the equation x* - x2 + x — 2 = 0 are real?

Sol. Let y =fx)=x-x*+x-2

= dy =3x2-2x+1
dx

Let 3x* ~ 2x + 1 = 0, now this equation has non-real roots,
i.e., derivative never becomes zero or graph of y = f(x) has no
turning point.

Also when x — oo, f{x) — oo and when x —— oo, f(x) —>— o

Further 3x2-2x+1>0V xe R

Thus graph of the function is as shown in the following
figure.

O

DD S

Fig. 1.35
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Also f{0) = -2, hence graph cuts the x-axis for some positive
value of x. . :
Hence, the only root of the equation is positive.
Thus we can see that differentiation and then graph of the
function is much important in analyzing the equation.

B2CIUIERIGEER  Analyze the roots of the following equa-

tions:
i) 2x°-9x2+12x-(9/2)=0
(i) 2°-9?+12x-3=0

Sol.

(i) Let fix)=2x*=9x*+ 12x — (9/2)
‘Then f(x) =6x*—18x+ 12=6(x*-3x+2) =6(x— 1)(x - 2)
Nowf'(x):O:>x¥ landx=2.
Hence, graph hasturn atx =1 and at x =2 .
Alsofill)=2-9+12-(9/2)>0
and f(2) = 16 — 36 + 24 — (9/2) < 0

Hence, g}aph of the function y = flx) is as shown in the
following figure.
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Fig. 1.36(a)
As shown in the figure, graph cuts x-axis at three distinct
point. 7
Hence, equation fix) =0 hﬁs three distinct roots.
(ii) For2x’ —=9x2+ 12x-3=0,f(x) =2x - 9x* + 12x -3
fx)=0=x=1landx=2
Alsof(1)=2-9+12-3=2andf(2)=16-36+24-3 =1

Hence, graph of y = fix) is as shown in the following
figure.
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Thus from the graph, we can see that f{x) = 0 has only one
real root, though y = f(x) has two turning points.

ullERKAME Find how many roots of the equation x*
— 8x + 3 =0 are real.

Sol. Letflx)=x*+2x>-8x+3
= fx) =4 +4x-8=4(x- 1)(x* +x+2)
Now f(x)=0=x=1
Hence graph of y = f(x) has only one turn (maxima/minima).
Nowfil)=1+2-8+3<0
Also when x — =+ oo, flx) —oo
Then graph of the function is as shown in the following figure.

Fig. 1.37

Hence, equation f{x) = O has only two real roots.

EQUATIONS REDUCIBLE TO QUADRATIC

| Solve \/5x* —6x+8 —/5x*—6x—7 =1.
6x =y. Then,
J5x? —6x+8 /52’ —6x-7 =1

Sol. Let 5x* —

JEE (MAIN & ADV.), MEDICAL
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NY+8—yy—-7=1
Wy +8-y-7?=1
Y=y +y-56

YV=y+y-56
y=56
S5x*—6x =756 [
S5x2—-6x~-56=0
Gx+14)(x-4)=0
x= 4,_—14
5
Clearly, both the values satisfy the given equation. Hence, the
roots of the given equation are 4 and —14/5.

iy

y=5x% - 6x]

L U

I

_Example 1.71 | Solve @ =-5x+7)P2~-(x-2)(x-3)=1.
Sol. We have,
(FP=5x+7P-x-2)(x=-3)=1

= FP-Sx+T)P-02-5x+7)=
= y—y=0, where -y =x?-5x+7

= y@y-1H=0
= y=01
Now,
y=0
= xX*-5x+7=0
_544/25-28 5443 5+i\3
- 2 2 2
where i:\/—_l
and
y=1
= xX-5%x+6=0
= (-3 (x-2)=
= 3,2

Hence, the roots of the equation are 2, 3 (5+z\/_)/2 and
(5-i3)/2.

5x2°+4=0.

E Solve the equation 4 -

Sol. We have,
4r-5x2°+4 =0

= (292-529+4=0

= ¥y -5y+4=0, where y =2°
= (-490-DH=0

= y=14

= 2=1,2'=4

= 28=20 2v=22

= x=0,2

Hence, the roots of the given equation are 0 and 2.

L Solve the equation 12x* — 56x° + 89x2

Sol. The given equation is

12x* - 56x° + 89x* — 56x + 12 =0
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Diwiding by x%, we get (y+2y+(y-2)0=82
: s6 12 = (PHAy+4P+ (P -4y +4)?=82
12x* =56x+89——+—=0 = {((P+42+4yP+ {(P+4) -4y)P=82
-7 = 2((2+4)7+ 162} =82
Lo 1 [ (@a+ b+ (a—b)=2a*+ b))
= 12(x +F]—56(x+—;]+89=0 = Y +8y2+16+ 16y? =41
= y+24y’-25=0
2
: . 1 1 _ = (P+250*-1)=0
= 12Kx+;] —2}—56(x+;)+89—0 = y+25=0,)°—1=0
5 . = y==#5iy=4%I1 (where iZ\/_—-l)
= 12(x+ij —56(x+ij+65=0 = x-3=£5ix-3=xl
x x = x=3%5,x=4,2 [+ y=x-3]

5 1 Hence, the roots of the given equation are 3+5i, 2 and 4.
12y —56y+65=0,where y=x+—
x

=
, SEIICRANIR Solve th ti +2)(x+3 8
= 12y°-26y—-30y+65=0 _Example olve the equation (x + 2) (x + 3) (x + 8)
x (x + 12) = 4x2,
= (6y-13)2y-5)=0
13 5 Sol. (x+2) (x+3) (x+8) (x+12) =47
= y=—ory=— = {(x+2)(x+12)} {(x+3) (x+8)} =4
6 2 = (24 14x+24) (P + 11x +24) = 42
If y = 13/6, then ‘ Dividing throughout by x*, we get
113 (x-l-l4+ﬁj(x+ll+ﬁ):4
X+ — = = X X
x 6 24
= 6-13x+6=0 = (y+14)(y+11)=4,wherex+—x'—=y
= (Bx-2)(2x-3)=0 = y+25y+154=4
- x=22 = 2 +25y+150=0
32 = (+15@+10)=0
If y =5/2, then = y=-15-10
+1 5 If y=-15,then
et —=
X 2 ,\‘+E=—15
= 2-5x+2=0 x
= x-2)2x-1=0 = x*+15x+24=0
| .
=2, L 154
= X 5 o = 15— 129
Hence, the roots of the given equation are 2, 1/2, 2/3, 3/2. 2
) If y=-10, then
; Solve the equation 3" + 4 -+ = 25, x+2_4:_10
X
Sol. Wetlave, \ = xX*+10x+24=0
374 4% v =25 = G+ (x+6)=0
= 34T =344 = x=-4,-6
— P_x=2 Hence, the roots of the given equation are —4, -6,
e P _x-2-0 (-15-+/129)/2.
= x-2)@+1)=0 '
oA Example 1.77 IR N N

Hence, the roots of the given equation are —1 and 2. Sol. Let x= [ 6+ m Then,

Example 1.75 JENITZIE equation (x — 1)* + (x — 5)* = 82. [
Sol. Let = xX=6+x
_=DHG=5) = X-x-6=0
- 2 - = x=-NE+2)=0
= x=y+3 = x=3o0rx=-2

But, the given expression is positive. So, x = 3. Hence, the

tting x = y + 3 in the given equation, we obtain . LN
Putting x =y & q value of the given expression is 3.
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Solve \x +5 +x +21 = J6x +40,

Sol.  Jx+5+yx+21=/6x+40

(Jr+35+x+21) =6x+40
(x+5)+E+2D)+2 Jx+5(x+21)=6x+40

x+5Ex+2) =2x+7

(x+5 x+21)=2x+ 77
3x*+2x-56=0
Bx+14)(x-4)=0
x=4orx=-14/3

Clearly, x =—14/3 does not satisfy the glven equation. Hence
x =4 is the only root of the given equation.

L 2

Prove that graph of y = x* + 2 and y = 3x — 4 never intersect.
2. In how many points the line y + 14 = 0 cuts the curve whose
equation is x (x* + x + 1) +y=07?
3. Consider the following graphs:

R RV I

Fig. 1.38

Answer the following questions:

(i) sum of roots of the equation f{x) =
(i) product of roots of the equation f{x) = 4

(iii) the absolute value of the difference of the roots of
equation f(x) =x+2

X +3x42

obx-7

5. Solve Jx—-2 +J4—x=2.
6. Solve Vx—2(x*—4x-5)=0.

4. Solve

————{ Concept Application Exercnse 1.2 }-—

7. Solve the equation x(x +2) (x* - 1) =~ 1.

Number System, Inequalities and Theory of Equations

8.

10.
11.

12.

13.
14.

15.
16.

17.
18.

19.
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1
1
I
2400

Find the value of 2 +
2+
2+

Solve 4* + 65 =9~

Solve 3% -7 +7 Zg,
Find the number of real roots of the equation (x ~ 1)* + (x — 2)?
+((x-3)=0.

Solve \[3x% = 7x =30 +1/2x2 = Tx =5 = x +5.

If x=+/7+4/3, prove that x + 1/x =4

Solve \/5x2—6x+8—\/5x2—6x—7=1.

Solve \x* +4x =21 +1/x* — x— 6 = J6x* — 5x - 39.

How many roots of the equation 3x* + 6x* + x> + 6x+3 =0
are real ?

Find the value of k if ¥* — 3x + a = 0 has three real distinct
roots.

Analyze the roots of the equation (x — 1)* + (x — 2)* + (x — 3)°
+ (x — 4)* + (x — 5)* = 0 by differentiation method.

In how many points the graph of f{x) = x* + 2x* + 3x + 4 meets
x-axis.

REMAINDER AND FACTOR THEOREMS
Remainder Theorem

The remainder theorem states that if a polynomial f(x) is divided
by a linear function x — &, then the remainder is f(k).

Proof:
In any division,

Dividend = Divisor x Quotient + Remainder

Let Q(x) be the quotient and R be the remainder. Then,

= fik)=

)y =(x-k) Q(x) +R
(k-K)Qx)+R=0+R=R

" Note: If a n-degree polynomial is divided by a m-degree poly-
nomial, then the maxzmum degree of the remainder polyno-
mial is m — 1.

-Tx+

Sol. Let flix) = x* + 4x* — 7x + 6. The remainder when f(x) is
divided by x— 1 is

Exam ple 1 .80

f)=1V+4x(172-T+6=4

If the expression ax’ + bx* - x? + 2x + 3

R TRt

has remainder 4x + 3 when divided by x% + x - 2, find the
value of a and b.

Sol. Let f(x)
Now, X*+x-2=
Given, (-2) =

=ax* + b - x>+ 2x + 3.
(x+2)x (x-1).

A(=2)* + b(=2) — (-2)2+ 2(=2) + 3
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1.24 Algebra
=4(-2)+3
= 16a-8b-4-4+3=-5
= 2a-b=0 )
Also, :
fM=a+b-1+2+3=4(1)+3
= da+b=3 2)

From(1)and (2),a=1,b=2.

Factor Theorem

Factor Theorem Is a Special Case of Remainder
‘Theorem
Let,
Jx) = —k) O(x) +R
= fix)=(~k) Okx) +fik)
When flk) = 0, flx) = (x — k) Q(x). Therefore, f{x) is exactly
divisible by x — k.

E mPLe_18 Given that x* + x — 6 is a factor of 2x*
+ x3 »axz +bx +a+b -1, find the values of ¢ and b.

Sol. We have,
X+x-6=(x+3)(x-2)

Let,
f=2¢+-a+bx+a+b-1 _

Now,
f-3)=2(-3 + (3P —a(-3)-3b+a+b-1=0

= 134-8a-2b=0

= da+b=67 (1)

= f)=22)*+2*—a@)’ +2b+a+b-1=0

= 39-3a+3b=0

= a-b=13 (2)

From (1) and (2),a =16, b =3.

MGl CRR:PHE  Use the factor theorem to find the value
of k for which (a + 2b), where a, b # 0 is a factor of a* + 32b*
+a’b(k + 3).
Sol. Letfla) = a* + 32b* + a’b(k + 3). Now,
S(=2b) = (=2b)* + 32b* + (=2b)*b(k + 3) =0

=  48b' - 8b*(k+3)=0

= 8M[6-(k+3)]=0

= 3h3-kb=0
Since b #0,50,3 -k=0o0rk=3.

MACIWGINE:X If ¢, d are the roots of the equation
(x —a) (x - b) — k = 0, prove that a, b are the roots of the
equation (x —¢) (x —d) +k=0.
Sol. Since ¢ and d are the roots of the equation (x— @) (x— b) — k
= (), therefore,

-a)x-b)—k=(k-c)(x=-d)
= @-a)x-b=x-c)x-d)+k
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= @-o)x-d+k=Ex-a)(x-5b)
Clearly, a and b are roots of the equation (x — a) (x — b) = 0.
Hence, a, b are roots of (x —¢) (x—d) + k= 0.

Eoncept Application Exercise 1.3 }——

1. Given that the expression 2x*+ 3px? — 4x + p has a remainder
of 5 when divided by x + 2, find the value of p.

2. Determine the value of & for which x + 2 is a factor of (x + 1y
+ (2x + k). :

3. Find the value of p for which x + 1 is a factor of
P+@-3)2-Cp-5x+2p-9) x+6.
Find the remaining factors for this value of p.

4. If x2 + ax + 1 is a factor of ax® + bx +¢, then find the condi-
tions.

5. If fix) = x* — 3x° + 2x + a is divisible by x ~ 1, then find the
remainder when f(x) is divided by x — 2.

6. If fix) =x*— x>+ ax + b is divisible by ¥? — x, then find the value
of f(2).

Identity

A relation which is true for every value of the variable is called
an identity.

f If@-1Dx*+(@-1x+a*-4a+3=0be
ntity in x, then find the value of a.

Sol. The given relation is satisfied for all real values of x, so all
the coefficients must be zero. Then,

a’-1=0=a==1

a-1=0=a=1 common value of a is 1

a’ ~4a+3=0=a=1,3

(x+te)(x+a)
(c—-b)(a-b)

(x+b)(x+c)+
b-a)(c-a)

i Show that

+(x+a)(x+b)
(@a—c)(b-c)

=1 is an identity.

Sol. Given relation is

(x+b)y(x+¢) (x+)(x+a) (x+a)(x+b)

(b-—a)(c—a) (c=b)a=b) (a—c)(b-c) - (D
When x = —q,
(b-a)(c—a)
=——~— “=-1=RHS.
L.H.S. b (ca)
Similarly, when x = —b,
LHS. =¢=0=b _,_ pyg
(c—b)(a-b)
When x = —c,

LHS =4-90t=-9_|_pys

(a-c)b-¢)
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Thus, the highest power of x occurring in relation (1) is 2 and
this relation is satisfied by three distinct values a, b and ¢ of x;
therefore, itis an equation but an identity.

JClul MR A certain polynomial P(x), x € R when
divided byx-a, x b and x - ¢ leaves remainders a,b and c,
respectively. Then find the remainder when P(x) is divided
by (x —a) (x —b) (x —c) where a, b, ¢ are distinct.

a, P(by=band P(c) =c.
Let the required remainder be R(x). Then,
P(x)=(x-a) (x-b) (x—¢) O(x) + R(x)

where R(x) is a polynomial of degree at most 2. We get R(a)
=a, R(b) = b and R(c) = c. So, the equation R(x) — x = 0 has
three roots a, b and c. But its degree is at most 2. So, R(x) —
must be zero polynomial (or identity). Hence R(x) = x.

Sol. By remainder theorem, P(a) =

QUADRATIC EQUATION

Quadratic Equation with Real Coefficients

Consider the quadratic equation
ax* +bx+c=0
where a, b, c € Rand a # 0.
Roots of the equation are given by

- \lb" - 4ac

2a

(1)

X =

Now, we observe that the nature of the roots depend upon the
value of the quantity b — 4ac. This quantity is generally denoted
by D and is known as the discriminant of the quadratic equation
[Eq.(1)].

We also observe the following results:

D=0 D#0
Roots are equal: o= = - b22a Roots are unequal

l l

a.b,ce RandD>0 a.b.ce Rand D <0
Roots are real and distinct Roots are imaginary: a =p +ig. f=p — ig

' where i = \L_I

l l

a,b.ce Qand a.b.ce @Qand
D is a perfect square D is not a perfect square
= Roots are rational = Roots are irrational,

l ie,a=p+gf=p-q

a=l,b,ceZandDisa
perfect square
= Roots are integral

Fig. 1.39

Nu
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Note:

* Ifa b ce ermdb2

—'4ac is positive but not a perfect

square, then roots are irrational and they always occur
in conjugate pair like 2 + V3 and 2 - 3. However, if

a,

b, ¢ are irrational numbers and b* — 4ac is positive

but not a perfect square, then the roots may not occur in
conjugate pairs. For example, the roots of the equation

X

-(5+\/—)x+5\/_ Oare 5 and N2, whzchdonotform

‘a conjugate pair.

. Isz

b

pair such as of the formp + iq and p —

4ac < 0, then roots of equations are complex Ifa,
and c are real then complex roots occur in conjugate
iq. If all the coef-

Jicients are not real then complex roots may not conju-
gate.’

Examg_“e1 87

s ooy

the nature of roots of equation ax> + 2bx + ¢ = 0.

Ifa, b, c € R* and 2b = a + ¢, then check

o e

Sol. Given equation is ax* + 2bx + ¢ = 0. Hence,

D =4b* - 4ac
={(a+c)Y—4ac
=(a-c)?*>0

Thus, the roots are real and distinct.

——

+ 1/c.

_Example 1.88 -

If the roots of the equation a(b - ¢)x?

+ b(c - a) ;'a — b) = 0 are equal, show that 2/b = 1/a

Sol. Since the roots of the given equations are equal, therefore
its discriminant is zero, i.e.,

¢ LU vy

!/

@+

Pc—-ay—-4ab-c)clu-b)=

b (¢ +a* = 2ac)—4ac (ba —ca—-b>+ bc)=0
@b+ bt + 4a” ¢+ 267 ac - 4a? be — dabet =0
(ab + bc - 2ac)* =
ab +bc—2ac=0
ab + be =2ac

1 1 2 C . R
—+—=—[Dividing both sides by abc]

c a b

2 1 1

—_—= 4=

b a <

g Prove that the roots of the equation

b“)x 2 4 dabedx + (c* + d*) = 0 cannot be different, if real.

Sol. The discriminant of the given equation is

= 16a*b*c*d* — 4(a* + b (¢* + d*)
=—4[(a* + b*) (¢t + &) - 4 a b* i d]
=—4{a*c* + a* d* + b* ¢t + bdh - 4aPh AR
=A{(a‘c* + b*d* - 2a*b*c*d?) + (a*d?

+ bict = 20h*c*d?))
=—4[(a*c - D) + (*d* - b)) (1)

Since roots of the given equation are real, therefore

=

D=0
- 4[.(51:62 - bZd’.’)l + ((JZ(F — bicl)l] >0
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= (@ -PdEV+ (@FP - <0
= (@ -PdEP+ (@@L - =0 - 2)
(since sum of two positive quantities cannot be negative)

From (1) and (2), we get D = 0. Hence, the roots of the given
quadratic equation are not different, if real.

pl i If the roots of the equation x? — 8x + a*
— 6a = 0 are real distinct, then find all possible values of a.

Sol. Since the roots of the given equation are real and distinct,
we must have

D>0

64 —4(a>— 6a) >0

4[16 —a® + 6a] >0

~4(a*—6a-16)>0

a—-6a-16<0

(a-8)(a+2)<0

-2<a<8§

=
=
=
=
BN
=

Hence, the roots of the given equation are real if a lies between
-2 and 8.

_E> AEJIE Find the quadratic equation with ratio-
nal coefficients whose one root is 1/(2 + \5).

Sol. If the coefficients are rational, then irrational roots occur
in conjugate pair. Given that if one root is o = 1/(2 + V5)=+5-
2. then the other root is 8 = 1/(2 — V5) = (2 + V5).

Sum of roots a + f = —4 and product of roots aff = —1. Thus,
required equation is x> + 4x— 1 = 0.

IEETANEPR 1f fx) = ax® + bx + ¢, gx) = —ax® + bx
+ ¢, where ac # 0, then prove that f(x) g(x) = 0 has at least
two real roots.

Sol. Let D and D, be discriminants of ax’ + bx + ¢ =0 and —ax?
+ bx + ¢ = 0, respectively. Then,
D, =b>~4ac, D, = b + dac
Now,
ac#0 = eitherac>0orac<0
If ac > 0, then D, > 0. Therefore, roots of —ax> + bx + ¢ =0
are real.
If ac < 0. then D, > 0. Therefore, roots of ax*> + bx + ¢ =0
are real.
Thus, f{x) g(x) has at least two real roots.

. i Ifa,b,c € Rsuchthata+b +c=0and

a# <, thelﬁ)f‘g\“z?that therootsof (b +c~a)x*+(c+a-b)x
+ (a + b - c) =0 are real and distinct.

Sol. Given equation is
b+c—a)yx*+(c+a-b)yx+(@+b-¢c)=0 -
or ,
(2a)x* + (2b)x + (-2¢) =0
or
ax>+bx+c¢=0
= D=b—-4dac
=(—c—a) —4dac
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=(c-a)
>0
Hence, roots are real and distinct.

_Example  If cos 0, sin ¢, sin @ are in G.P., then
check the nature of roots of x2+ 2 cot ¢+ x +1=0.

Sol. We have,

sin? ¢ = cosf sind
The discriminant of the given equation is
D=4cot’ p-4

{coszqo - sinzqo}
=4 —————
sin’e
401 - 2sin’p)
sin’p

_ 4(1— 2sinfcosb)
sin’p

| 2(sinB — cos0) ’ >0
sing -

If a, b and ¢ are odd integers, then prove
that roots of ax? + bx + ¢ = 0 cannot be rational.

[

Sol. Discriminant D = b* — 4ac. Suppose the roots are rational.
Then, D will be a perfect square.
Let-b2 — 4ac = % Since a, b and ¢ are odd integers, d will be
odd. Now,
b’ —d*=4ac
Letb=2k+1andd=2m+ 1. Then
P-—d=bh-d b+d
=2k-m)2k+m+1)
Now, either (k — m) or (k + m + 1) is always even. Hence
b? — d* is always a multiple of 8. But, 4ac is only a multiple
of 4 (not of 8), which is a contradiction. Hence, the roots of
ax? + bx + ¢'= 0 cannot be rational.

Quadratic Equations with Complex Coefficients

Consider the quadratic equation ax* + bx + ¢ = 0, where a, b,
¢ are complex numbers and a # 0. Roots of equation are given

by
o= —b+\/b2 —4dac
T 2a
B= -bh- \//72 —4ac
- 2a

Here nature of roots should not be analyzed by sign of b*
—4ac. '

Note: In case of quadratic equatidns with real coefficients,
imaginary (complex) roots always occur in conjugate pairs.
However, it is not true for quadratic equations with complex
coefficients. For example, the equation 4x* — 4ix — 1 = 0 has
both roots equal to 1/2i).
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—'—’—rConcept Application Exercise 1.4 I_ -

1. Find the values of a for which the roots of the equation
2+ a? = 8x + 6a are real.

2. Find the condition if the roots of ax® + 2bx + ¢ = 0 and
bx? — 2Nacx + b =0 are simultaneously real.

3. Ifa < ¢ < b, then check the nature of roots of the equation
(a—bPx+2(a+b-2c)x+1=0.

4. f a + b + ¢ =0 then check the nature of roots of the equatlon
4ax? +3bx+2c=0wherea, b, ce R

5. Find the greatest value of a non-negative real number Afor
which both the equations 2x* + (1 ~ 1)x + 8 =0 and x2—8x

+ A + 4 = 0 have real roots.

Relations Between Roots and Coefficients

Let o and B be the roots of quadratic equation ax* + bx + ¢ =0.
Then by factor theorem,
ax®+bx+c=alx—a) (x-p)=ax* - (a+p)x+ah)
Comparing coefficients, we have o + f = —bla and aff = cla.
Thus, we find that '
-b coeff of x c

and aff = —
a coeff of x* 'B a

constant teﬁn

coeff of x*

Also, if sum of roots is S and product is P, then quadratic
equation is given by x* = Sx + P =0.

| Form a quadratic equation whose roots

are 4 and 6.

Sol. We have sum of the roots, S = —4 + 6 = 2 and, product of
the roots, P = —4 x 6 =—24. Hence, the required equation is

—-Sx+P=0
= x2-2x-24=0

Exam Ie1 78 Form a quadratic equation with real
coefficients whose one root is 3 — 2i.

Sol. Since the complex roots always occur in pairs, so the other
root is 3 + 2i. The sum of the roots is (3 + 2i) + (3 —2i) = 6. The
product of the roots is (3 + 2i) (B3-20)=9-47=9+4=13.
Hence, the equation is
-Sx+P=0
= x3—6.x+ 13=0

L 11
(i) o B
(i) —c. -8
oo - 1-f8
(i) 1+o’ 1+
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Now @ is a root of the equation ax*+bx+c¢=0
= aclt+boa+c=0
~ i7 AP
yo ¥
= cof+by+a=0
Hence, the required equation is cx* + bx +a = 0.
We get same equation if we start with 1/f3.

(i) Let-a=y=o0=-y
Now « is root of the equation ax> + bx + ¢ =0
= ad?+ba+c=0
= a(=)’+b-y)+c=0

Hence, the required equation is ax* — bx + ¢ =0.
’ l-o I—y
(iiii) Let Sy a=—2
1+o l+y

Now ¢ is root of the equation ax® + bx + ¢ =0
= ad?+bo+c=0

a 1=y +b —ILX +¢c=0
1+y 1+y

Hence required equation is a(l — x)?+ b(1 -

X)) + c(1 + x)?

If a, b and ¢ are in A.P. and one root of

the equation ax? + bx + ¢ = 0 is 2, then find the other root.

Sol. Let « be the other root. Then,
4da+2b+c=0and2b=a+c
= 5a+2c=0

c_z3
= a 2
Now,

5
2xoa=—=——
a 2

5

o=—-—

4

_Examp le W [ If the roots of the quadratic equation x*
+ px + ¢ = 0 are tan 30° and tan 15°, respectively, then find
the value of 2 + g — p.

Sol. The equation x* + px + g = 0 has roots tan 30° and tan 15°.
Therefore,

tan 30° + tan 15° =—p H

tan 30° tan 15°=¢q 2)
Now, . ,

tan 45° = tan(30° + 15°)

_ tan30 +tanl5

- l-tan 30 tanl5

1=—"  [Using (1) and (2)}
l-¢g

= l-g=p=>qg-p=1
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= 2+q—p:3

SARIIN If the sum of the roots of the equation 1/
(x +a) + 1/(x + b) = 1/c is zero, then prove that the product
of the roots is (-1/2)(a?+ b?).

Sol. We have,

I 1 1
+ =—
x+b ¢

x+ta

= X+@+b-20)x+(@b—-bc—ca)=0
Let «, /8 be the roots of this equation. Then,

a+f=—(a+b-2c)and aff = ab — bc ca
Itis given that
a+p5=0
= —(a+b-20)=
atb
= c¢= 5 .(1)
aff =ab - bc - ca
=ab—cla+b)

=ab - ( )(a+b) [Using (1)]

_2ab—(a+b)' ——l(a2+b2)
2

ISCInlCRNIPE Solve the equation x2 + px + 45 = 0. It
is given that the squared difference of its roots is equal to
144.

Sol. Let a, f be the roots of the equation x* + px + 45 = 0. .

Then,
a+f=—p . (1
ofi =45 2
It is given that
—-p) =144
(a+ ) —4dafi = 144
pP—4x45=144
=324
p==I18
Substituting p = 18 in the given equation, we obtain
X+ 18x+45=0
= G+3)Ex+15=0
= x=-3,-15
Substituting p = —18 in the given equation, we obtain
X+ 18x+45=0
= x-3HNx-15=0
= x=3,15
Hence, the roots of the given equation are -3, —15 or 3, 15.

tudy

ISCINIHAIER  If the ratio of the roots of the equation
X2+ px + q 0 are equal to the ratio of the roots of the equa-
tion x* + bx + ¢ = 0, then prove that p* = b?%.

Sol. Leta, f be the roots of x* + px + g =0 and y, § be the roots
of the equation x? + bx+ ¢ = 0. Then,

at+f=-p,ofi=q (N
y+d=—byd=c : (2)
We have,

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

a_y a+ﬂ=}/+5
B 8 a-f y-o
[Using componendo and dividendo]
L, @By _¢-3)
@+By @ +8y
- (a+[3)2—4a[3_(y+6)2—476
@+By o +8y
o o1- 4a B _1- 4v6
@+By  @+dy
off 120
= 2 2
@+py @ +o)
7 4_c
[)2 b2
= plc=blg

I2EINAICE If sin 0, cos 6 be the roots of ax? + bx + ¢
= 0, then prove that b? = a? + 2ac.

Sol. We have,

. b . c
sin 8 + cos 8 =——, sin@ cos@ = —
a a

Now, we know that
sin?0 + cos?0 =1
= (sind + cosb)? — 2sinf cosfd = 1

2
= Y b g 1 2ae
a a

B Ifa and b (#0) are the roots of the equa-
= 0, then find the least value of x2 + ax + b

(x € R).

Sol. Since a and b are the roots of the equation x* + ax + b
=0, so
a+b=—a,ab=>b
Now,
ab=b=(@-1)b=0=a=1 (- b#0)
Putting @ = 1 in a + b = —a, we get b = -2. Hence,
Xtax+b=x*+x-2=(x+1/22-1/4-2
=(x+1/2)*-9/4
which has a minimum value —9/4.

Examp j If the sum of the roots of the equation
(a + 1) x>+ (2a + 3)x + (3a + 4) = 0 is -1, then find the prod-
uct of the roots.

Sol. Let a, B be roots of the equation (a + 1)x*+ (2a + 3)x + (3a
+4) = 0. Then,

" J=—1=>a=—2

o+ = _(2a+3

Now, product of the roots is 3a + 4)/(a + 1) = (-6 + 4)/(-2 + 1)
=2,
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__,Exemg'e 1.107 4 Find the value of ‘a’ for which one root
of the quadratlc equation @-5a+3x*+Ba-Dx+2=0

is twice as large as the other.

Sol. Let the roots be a and 2a. Thén,

1-3a 2
a+2a=2———,a 2a=—2——
a —~5a+3 a“-5a+3
1 (1-3a) 2
= 2|37z 7|72
9(a7 -5a+3) a’—-5a+3
1_ 2
= ’2—350—:9:9a2f6a+1=9a2—45a+27
a’ —-5a+3

= 39a:26:a=§

;;;; E If the difference between the roots of the
ua io + 1= 0 is less than 5, then find the set of
possible values of a.

Sol. If &, f are roots of x* + ax + 1 = 0, then

la-Bl< 5
= Ja+pP-4af <5
= | Ja*-4 <\/§

= Jad-4<5

= a*-4<5

= a*<9

=

—3<a<3
ae€ (-3,3)

Eg(amplej J0ER Find the values of the parameter a such
that the roots a, /)’ of the equation 2x? + 6x + a = 0 satisfy the
inequality a/f + fla < 2.

'Sol. We have a + f =-3 and aff = a/2. Now,
2P
B«

2 2
- o + <2
of
2
- (a+ fB) —208
of
9—-a
—<2
= al?2
= 9- <1
a
= 9_a—1<0
a
= 9_2a<0
a
= 2a—9>0

a

= a<Qora>9/2
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If the harmonic mean between roots of

Example 1.110 |
(5 + V2 )x?— bx + 8 + 2\5 = 0 is 4, then find the value of b.

Sol. Let a, B be the roots of the given equation whose H.M. is
4. Then,

20
o+p

8+2\/—5—
5+42
b

5442
8+2f

4=2x

=b=4+5

| If a, § are the roots of the equation
, find the equation whose roots are a” + 2 and

Sol. Since a, B are roots of the equation 2x* - 3x— 6 =0, so
a+f=3/2and aff =-

= a2+,6’2=(a+,8)2—2aﬂ:%+6=?
Now,
(@2 +2) +(F+2) = (a +ﬂ2)+4—£+4—47?
and
@A+ D +2) =B+ 2>+ fH+4
o3
= (3) +2(4]+4
_ 5
T2

So, the equation whose roots are o + 2 and f* + 2 is
R=x[@+2)+ PP+ +(*+2)(F+2)=0

= 4x*-49x+118=0

2l CRAKPE 1f « # fand o’ = Sa - 3 and f = 54 - 3,

find the equation whose roots are a/f and f/a.
Sol. We have a*> = 5a — 3 and 5 = 5§ — 3. Hence, a, f3 are roots
of x* =5x -3, i.e., x*—5x + 3 = 0. Therefore,

a+pf=5and aff =3
Now,
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p=2B_,
B a
So, the required equation is
X*-Sx+P=0

19
= x2—?x+1=0

= 3x*-19x+3=0

If a, p are the roots of the equation
ax’ + bx +c= 0, then find the roots of the equation ax* - bx(x

- 1) + ¢(x ~1)*>= 0 in terms of & and f.
Sol. ax*—bx(x-1)+c(x-172=0
= L o0 M
d-xy 1=
Now, a is a root of ux® + bx + ¢ = 0. Then let
X
o=
1-x
C o
= x=—
a+l

Hence, the roots of (1) are a/(1 + &), S/(1 + f3).

———[ Concept Application Exercise 1.5 ‘——

1. If the product of the roots of the equation (@ + 1)x? + (2a + 3)x
+ (3a +4) =0 is 2, then find the sum of roots.
2. Find the value of @ for which the sum of the squares of the
- roots of the equation x*> — (¢ — 2) x —a — 1 = 0 assumes the least
value.
3. Ifx, and x, are the roots of x* + (sin 8 — 1) x — 1/2 cos® 8 = 0,
then find the maximum value of x7 + x2,

4. If tan § and sec ¢ are the roots of ax® + bx + ¢ = 0, then prove
that a* = b*(dac — b*).
5. Tf the roots of the equation x> — bx + ¢ = O be two consecutive
integers, then find the value of % —-
6. If the roots of the equation 12x>— mx + 5 = 0 are in the ratio
2:3, then find the value of m.
7. If a, f are the roots of x> + px + 1 = 0 and y,  are the roots of
X*+gx+ 1 =0, then prove that ¢ - p* = (a — y) (B — ) (a + &)
X (B + 0).
8. If the equation formed by decreasing each root of ax? + bx + ¢
=0by 1 is 2x* + 8x + 2 = 0. find the condition.
9. If a, ff be the roots of x* — a(x — 1) + b = 0, then find the value
of 1/(a? —aa) + /(B> — bf) + 2/a + b.
10. If o, fareroots of 375x* -~ 25x -2 =0and s, = a" + /", then find

the value of lim Z 5,

n—yeo
11. If « and § are the roots of the equation 2x> + 2(a + b)x + &
+ 0% =0, then find the equation whose roots are (a + £)* and
- B
12. 1If the sum of the roots of an equation is 2 and sum of their
cubes is 98, then find the equation.

13. Leta, § be the roots of x> + bx + 1 = 0. Then find the equation
whose roots are —(a + 1/5) and —(ff + 1/a).

JEE (MAIN & ADV.), MEDICAL

+ BOARD, NDA, FOUNDATION

COMMON ROOT(S)

Condition for One Common Root
Let us find the condition that the quadratic equations a x> + b X
+c,=0andax’+b,x+c, —Omayhaveacommonroot Leta
be the common root of the given equations. Then,
ad’+boa+c =0
and
a0’ +bo+c,=0

Solving these two equations by cross-multiplication, we have

o o . 1

b, —bye,  ca, —ca ab, —ayb

2 _ biey = by

= (from first and third)
ab, — azby
and
=997 %%  (from second and third)
ab, — a,b,

2
bie, —byey [ qay — g ]
= =
ab, — azby ab, — azby

= (ca,—-ca)= (bl.c2 —bx)(ab,-ab) -

This condition can easily be remembered by cross-multiplica-

" tion method as shown in the following figure.

Fig. 1.40

(Bigger cross product)?
= Product of the two smaller crosses

This is the condition required for a root to be common to two
quadratic equations. The common root is given by
Cid, — CHhd
o =% " 9%
aby — axb,
or
_ b = b

1y = €y,

Note: The common root can also be obtained by making the
coefficient of x* common to the two given equations and then
subtracting the two equations. The other roots of the given
equations can be determined by using the relations between
their roots and coefficients.

Condition for Both the Common Roots

Let a, f be the common roots of the quadratic equations a,x
+bx+c =0andayx’ +byx+c,=0. Then, both the equations
are identical, hence,
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‘Note: . ‘ .
o] ‘quadratic equations with real coefficients have a -
al complex common root then both the roots will
mon, i.e. both the equations will be the same. So
ejﬁczentsv.of »the correspondzng powers of X wzll

¢ quadrattc equattons wzth rattonal coeﬁiczents have ;
PO lrratzonal rgot. P + \q then.both the roots will
mmon, ie. no two dzﬁerent ‘quadratic equattons

with:: :atzonal coeﬁ‘iezents can have a common irrational”

rootp + \/—

| Determine the values of m for which the
equations 3x” + 4mx + 2 =0 and 2x*> + 3x — 2 = 0 may have a
common root.

Sol. Let  be the common root of the equations 3x2 + 4mx + 2
=0 and 2x2 + 3x — 2 = 0. Then, o must satisfy both the equa-
tions. Therefore,

30?2 +4ma+2=0

202 +3a-2=0

Using cross-multiplication method, we have
(=6 —4)*=(9 - 8m)(-8m - 6)
50 =(8m —9)(4m + 3)
R2m?-12m=-T77=0
32m* —56m+44m-77=0
8m(dm—-T)+ 11(dm -17) =
Bm+1)dm-7=0

L A

m=-—,—

8 4

IRCIulICHAMAER Ifx?+ 3x +5=0and ax®+bx +c =0 have
common root/roots and a, b, ¢ € N, then find the minimum
valueof a +b +c.

Sol. The roots of x* + 3x + 5 = 0 are non-real. Thus given equa-
tions will have two common roots. We have,

a_b_c¢_,
1 3 5
= a+b+c=9i

Thus minimum value of a + b + ¢ is 9.

RCIIABEIE Ifax’+bx +c=0and bx*+cx +a=0
0 root and a, b and ¢ are non-zero real num-
bers then find the value of (@ + b + c®/abc.

Sol. Given that ax? + bx + c =0 and bx> + ¢cx + a = O have a
common root. Hence,

(be—-a’) = (ab - c?) (ac - b?)
= b+ a*~2a’bc = a*bc — ab® — ac® + b2

= a*+ab’+ac =3ahc

Example 1.118 -
+15=0and x* + (a + b)x + 36 = 0 have a common positive
root, then find the values of a and b.

_Example 1.119 |
'~ 2x? + 2x — 1 = 0 have two roots common. Then find the
value of a + b.

JEE (MAIN & ADV.), MEDICAL
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S+ +c _
abc’

a, b, ¢ are positive real numbers form-

1nga G.P. If ax® + 2bx + ¢ = 0 and dx? + 2ex +f=0have a
common root, then prove that d/a, e/b, fic are in A.P.

Sol. For first'equation D = 4b? — dac = 0 (as given a, b, ¢ are
in G.P.). The equation has equal roots which are equal to —b/a
each. Thus, it should also be the root of the second equation.
Hence,

2
d[_—b] +2e[——b]+f=0
a a
> _be

d=-2=4f=0
a a

| If the equations x* + ax + 12 = 0, x? + bx

. We have, |
Xt+ax+12=0 (1)
X +bx+15=0 2)

Adding (1) and (2), we get

23+ (@a+bx+27=0

Now subtracting it from the third given equation, we get

~9=0=>x=3,-3

Thus, common positive root is 3. Hence,

94+12+43a=0

= a=-T7Tand9+3b+15=0
= b=-8

The equations ax? + bx + a = 0 and

Sol. By observation, x = 1 is a root of equation x* — 2x? + 2x — |
= (. Thus we have
x-D@P-x+1)=0
Now roots of x* —x + 1 = 0 are non-real.
Then equation ax® + bx + a = 0 has both roots common with
x*—x+ 1=0. Hence, we have :

Concept Application Exercise 1.6

. Ifx*+ax+ bc=0and x>+ bx + ca =0 (a # b) have a common

root, then prove that their other roots satisfy the equation
X*+cx+ab=0.
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1.32 Algebra

2. Find the condition that the expressions ax* + bxy + ¢y* and
ax* + bxy + ¢,y*may have factors y — mx and my — x, respec-
tively.

3. Ifa, b,ce Rand equations ax> + bx +c=0and x> + 2x + 9
= 0 have a common root, then find a:b:c.

4. Find the condition on g, b, ¢, d such that equations 2ax® + bx*
+ cx +d =0 and 2ax? + 3bx + 4¢ = 0 have a common root.

5. Let fix), g(x) and A(x) be the quadratic polynomials having
positive leading coefficients and real and distinct roots. If each
pair of them has a common root, then find. the roots of f{x)

+g(x) + h(x) =

RELATION BETWEEN COEFFICIENT AND ROOTS
OF n-DEGREE EQUATIONS
e Let a and f be roots of quadratic equation ax? + bx + ¢ = 0.
Then by factor theorem
ax*+bx+c=alx-a) (x-p)
=a(? - (a+ f)x + ap)
Comparing coefficients, we have
a+f=-blaand aff =cla
e Leta, B, y are roots of cubic equation ax® + bx®> + cx +d =
0. Then,
ax*+bxi’+cx+d=alx~a) (x— ) (x—7)
=a(x ~(a+ S +y)x* + (af
+ By + ay)x — afly)
Comparing coefficients, we have

a+pB+y=-bla
aff + By +ay=cla
afly =-dla

e Ifa, f, v, 0 are roots of ax* + bx* + cx* + dx + e = 0, then
a+f+y+0=-bla
af+ay+ad+Py+po+yd=cla
(sum of product taking two at a time)
afy + Byd + yda + daff = —dla
(sum of product taking three at a time)
afyd = ela
In general, if a,, o, o,
tax'+a X+ +a

., a, are the roots of equation o x"
X +a, =0, then sum of the roots is

‘ a
a +o, o+ ta =-—

Fa . n (10
Sum of the product taken two at a time is

oo, + 00y +---tQa,

+ o0, =—
o
ot an—]an

0

Sum of the product taken three at a time is —a,/a, and so on.
Product of all the root is

n (lll
= (-1 &

day

a]a2a3 . (Z”

JEE (MAIN & ADV.), MEDICAL
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Note:

* A polynomial equanon of degree n has n roots ( real or
imaginary). ~ -

* If all the coefficients are real then the imaginary roots
occur in conjugate. pairs, i.e., number of zmagmary
roots is always even. ,

s Ifthe degree of a polynomial equatzon is odd, then the
number-of real foots will also be add Ir follows that at
Zeast one of the roots wzll be real :

SOLVING CUBIC EQUATION

By using factor theorem together with some intelligent guess-
ing, we can factorise polynomials of higher degree.
In summary, to solve a cublc equation of the form ax® + bx?
+cx+d=0,
1. obtain one factor (x — @) by trial and error
2. factorizeax®+ b’ +cx+d=0as(x— )X +kx+5)=0

3. solve the quadratic expression for other roots

i If a, f5, y are the roots of the equation
X rdr+l= 0, then find the value of (a + ) + (f + )™
+(y+a)yl

Sol. For the given equation a + 8+ y =0,
oaf+Py+ay=4, affy=-1
Now,
(a+p'+ B+ ++a)y’ =)+ ()" + B
o+ By +ay
afy

=4
Let a + iff (a, f € R) be a root of the

Example 1.121 |
equation x? + gx + r =0, g, r € R. Find a real cubic equation,
independent of ¢ and f, whose one root is 2a.

Sol. If a + if is a root then, a — if will also be a root. If the third
root is y, then
(a+if) + (o —
= y=-2a
But y is a root of the given equation x* + ¢x + = 0. Hence,
(=20 + g(2a)+r=0
= 2a)+qgRa)-r=0
Therefore, 2a is a root of £ + ¢t — r = 0, which is independent
of o and B. "

ipy+y=0

12CICHAPPE  In equation x* — 2x° + dx? + 6x — 21 = 0 if
two of its roots are equal in magnitude but opposite in sign,
find the roots.

. Sol. Giventhata+ f=0buta+ f+y+0J=2. Hence,

y+0=2
Let aff = p and yd = ¢. Therefore, given equation is equivalent
to (¥ + p) (x* — 2x + ¢) = 0. Comparing the coefficients, we get
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p+qg=4, ——2p 6, pg = -21. Therefore, p = -3, q 7 and they
satisfy pg = —21. Hence,
(2 -=3)(x*-2x+7)=0
Therefore, the roots are + V3 and 1£i6. (where i = N

Solve the equation x* — 13x> + 15x + 189

ceeds the other by 2.
Sol. Let the roots be a, a + 2, f. Sum of roots is 2a + S+ 2 = 13.
f=11-2a )

Sum of the product of roots taken two at a time is
alor +2) + (a+2)f + fa=15

or

a2+ 2a+2(a+ 1)p=15 2)
Product of the roots is

af(o+2)=-189 ?3)

Eliminating S from (1) and (2), we get
a?+ 20+ 2+ 1) (11 -2a)=15

or
302 —200-7=0
(a—7)(3a+1j=0
0z=70r—l
3
35
=3, =
p 3

Out of these values, a = 7, f = =3 satisfy the third relation
af(a+2) =189, i.e., (-21)(9) = -189. Hence, the roots are 7,
7+2,-30r7,9,-3. ’

REPEATED ROOTS

In equation fix) = 0, where f(x) is a polynomial function, .and
if it has roots a, a, B, ... or « is a repeated root, then flx) = 0 is

equivalent to (x — a)(x = f) --- =0, from which we can conclude
thatf’(r) Oor%v—a)'(x—ﬂ) ]+(x—a)’(x—ﬁ) 1"=0or
(x—o)[2 -8 P+ x—a{(x=p) - =0 has root a.

Thus 1f o Toot occurs twice in equatlon then it is common in
equations f{x) =0 and f'(x) =

Similarly, if root a. occurs thrice in equation, then it is
common in the equations f{x) = 0, f'(x) =0 and /" (x) =

2EIICHAPER I x —c is a factor of order m of the poly-
nomial f(x) of degree n (1 <m < n), then find the polynomials
for which x = c is a root.

Sol. From the given information we have flx) = (x — ¢)"g(x),
where g(x) is polynomial of degree n — m. Then x = ¢ is common
root for the equations fix) =0, f/(x) =0, fA(x) =0, ..., "~ '(x)
= (, where f"{x) represents /" derivative of flx) w.r.t. x.

Exam‘le1 (PER Ifax’+bx’+cx+d =0andayx’+bx’
+ "= 0 have a pair of repeated roots common, then
prove that

3a, 2b, I

3a, 2b, c, =0
ab —ab, ay—-ca dia, —dya,

JEE (MAIN & ADV.), MEDICAL
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Sol. Iff(x)=ax*+b x*+cx+d, =0hasroots a, a, §, then g(x)
= a2x3 + bz)c2 +ox+ d, = 0 must have roots a, a, 7. Hence,
ad@+bo*+ca+d =0 €))]
ae’+bol+ca+d,=0 2)
Now, aisalsoarootofequations f'(x) =3a x*+2b x+c¢ =0and
g’ (%) =3ax* +2bx + ¢, = 0. Therefore,
3a,0 +2ba+c, =0 3)
3a,0° +2b,a+c,=0 4)
" Also, from a, x (1) a, x (2), we have '
(a2b1 1 2)0( +(CI 2 G I)a+dl 2_d2a1 =0 &)
Eliminating o from (3), (4) and (5), we have
3a, 2b, ¢ :
3a, 2b, Cy =0

b —ab, ca,—cya diay—d,a

——mncept Application Exercise 1.7 }7

1. If b* < 2ac, then prove that ax® + bx> + cx + d = 0 has exactly
one real root.

2. If two roots of x* — ax? + bx — ¢ = 0 are equal in magnitude but
opposite in signs, then prove that ab = ¢.

3. If a, B and y are the roots of x* + 8 = 0, then find the equation
whose roots are o2, 2 and °.

4. If @, f8, y are the roots of the equation x* — px + g = 0, then
find the cubic equation whose roots are a/(1 + a), S/(1 + ),
(1 +y)

5. If the roots of equation x* + ax* + b =0 are a,,a,and o, (a, b+~
0), then find the equation whose roots are

0, + 00y 00 + 00y 0G0 + 00,
000, GO0y OO0,

QUADRATIC EXPRESSION IN TWO VARIABLES

The general quadratic expression ax” + 2hxy + by + 2gx + 2fy
+ ¢ can be factorized into two linear factors. Given quadratic
expression is '

ax* + 2hxy + by’ + 2gx + 2fy + ¢ (H
Corresponding equation is
ax’ +2hxy + by + 2gx + 2fy + ¢ =0

or
ax+ 2(hy + @x + by + 2y + ¢ =0 (2)
 2(hy+g) £ Ay + ) —dalby’ +2fy+¢)
- 2a
':> _~y+g)t \/hzy2 + gz +2ghy - aby? = 2afy — ac

a

Sax+hy+g= i\/hzyz + g2 +2ghy — aby? — 2afy - ac 3)

Now, expression (1) can be resolved into two linear factors
it (h* — ab)v* + 2(gh — af)y + ¢° — ac is a perfect square and /2
—ab > 0. But (i* — ab)y* + 2(gh — af)y + g* — ac will be a perfect
square if
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1.34 Algebra

= Hgh-af’—4(FP-ab)(g®—ac)=0and i —ab>0
= g'h*+a’f - 2afgh - Wg” + abg® + ach® - a’bc = 0
and

h*—ab>0
= abc+2fgh—af* —bg>—ch*=0
and

h*—ab>0

This is the required condition.

Example 1.12 Find the values of m for which the
expression 20+ mxy + 3y? — 5y — 2 can be resolved into two
rational linear factors.
Sol. We know that ax? + 2hxy + by* + 2gx + 2fy + ¢ can be
resolved into two linear factors if and only if
- abc+2fgh—af*—bg*—ch*=0
Given expression is
2%+ mxy + 3y? -5y -2 ()

Here,a=2,h=m/2,b=3,g=0,f=-5/2, c =-2. Therefore,
expression 2x + mxy + 3y* — 5y — 2 will have two linear factors
if and only if
abc + 2fgh — af*—

= 2X3(- 2)+2( j(O)( J
52 , 2

ch2=0

25 m?

_p-24m
= 2

= mM=49=m=x7

| Find the linear factors of 2x? — y? — x

Sol. Given expression is
2=y —x+xy+2y—1 ()
Its corresponding equation is
22—y —x+xy+2y-1=0
or

22— (1—yx— (2 =2y +1)=0

Cl—y U=y +4207 29+ 1)
- i ‘

1=y ENU- ) 48 - 1)

4
Loy Eyod-yy
e
-y E3(1-y)
-
-y

=l-y-——2

Hence, the required linear factors are (x + y—1and 2x—y+ 1)

FINDING THE RANGE OF A FUNCTION
INVOLVING QUADRATIC EXPRESSION

In this section, some examples are given to illustrate the range
of a function involving quadratic expression.

JEE (MAIN & ADV.), MEDICAL
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Find the range of the function f(x) = x2

—2x - 4
Sol. Let
X-2x-4=y

= X¥-2x-4-y=0
Now if x is real, then
D>0 »

= (2P-4(1)(-4-%)20
= 4+16+4y>0
= y=-5
Hence range of f(x) is [-53, «).
Alternative method:

fy=x*-2x-4
(x~1)2=5

Hence, range is

[_5’ w)

(6x* =22x +21)

) Find the least value of >
for real x. (5x" ~18x +17)
Sol. Let,

6x> =22x+21

5x° —18x +17
= (6-5)x"-2x(11-9y) +21-17y=0
Since x is real

411 -9y -4(6-5y) 21 - 17y) >0
= “4y?+9-5>0
= 4’-9+5<0
= 4(-1D G -54)<0
= 1<y<5/4

Hence, the least value of the given expression is 1.

E2CINIINMENE Prove that if the equation x2 + 9y? — 4x
+ 3 = 0 is satisfied for real value of x and y, then x must lie
between 1 and 3 and y must lie between —1/3 and 1/3.

Sol. Given equation is

X+ —4x+3=0 n
= X-4x+92+3=0
Since x is real,
(4)-409y*+3)20
16 -4(9*+3)>0
4-9°-3>0
9y’ -1<0
9y? <1

L

1 1 (2)
= ~——=<y<-—-

Equation (1) can also be written as
Y +0y+x—4x+3=0 3)
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Since 1y is real, so
02 —4.9(*-4x+3)>0
or
X2 —4x+3<0 4
or '

(x-3)(x-1)<0

Sol. f(x)=\/3f2x—x2 is defined if
3 —-2x-x*>0
= x> +2x-3<0
= (x-1E+3)<0
= xe[3,1]

~ Also, f(x)=44-(x+1)* has maximum value when x + 1
= 0. Hence range is [0, 2].

j Find the domain and range of

Sol. x2—3x+2>0
= x-1)x-2)=20
= xe€ (-, 1JU[2, w©)

Now,

Flx)=+Jx? =3x+2

= x—i +2—2
2 4

Now, the least permissible value of (x — 3/2)> — 1/4 is 0 when
(x - 3/2) = £1/2. Hence, the range is [0, «0).

_{ Concept Application Exercise 1.8 I

1. Find the range of f{x) = x> —x— 3.
2. Find the range of -
X% +34x =71

M fo= ¥ +2x-7

2 _x+1
(i) fr)=5—"—
x4 x+1

3. Findthe range of f(x)=vx-1++5-x.

4. Find the range of the function flx) = 6+ 3"+ 6™+ 37+ 2.

5. Find the domain and range of f(x)= Vx? —4x+6.
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QUADRATIC FUNCTION

Let f{x) = ax® + bx + ¢, where a, b, ¢, € R and a # 0. We have,

[, b
fxX)=a x2+—x+£}
i a a
[ 2 bz C b2
=a| X +—x+t—+t———
e a 4a a 4da

2
= y+2 =a x+i
4a 2a

Thus y = f(x) represents a parabola whose axis is parallel to
y-axis and vertex is A(—b/2a, —D/4a). For some values of x, f(x)
may be positive, negative or zero and for a > 0, the parabola
opens upwards and for a < 0, the parabola opens downwards.
This gives the following cases: :

1.a>0and D<0,50f(x)>0,V | 7

x € R, i.e., f(x) is positive for all
values of x.

Range of function is [-D/(4a),
).

A
x = —b/(2a) is a point of minima.
A i

X

0]

2.a<0and D<0sofix)<0,V
x € R,i.e., flx) is negative for all .
values of x..

Range of function is (—o0, =D/
(4a)].

x = -bl(2a) is a point of maxima.

A4

¥ (ii)

3.a>0and D=0,so0flx) >0, v
A

¥ x € R, i.e., flx) is positive for
(i)

all values of x except at vertex
where f(x) = 0.

4.0>0and D> 0. Letfix)=0 Y
have two real roots @ and . If a
<f,then flx)>0,Vxe (o, aq)

W (B, ©) and fix) <0, V x (a,
5 \ /
[04

(iv)
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~1.36  Algebra
5.0 <0and D=0, so fix) <0, 4
V x & R,i.e., fx)is negative for : x

all values of x except at vertex.
where f(x) = 0.

6.a<0and D>0.Letfix)y=0 o B
have::itwo roots a and 5 (a < ).

Then fx) <0,V xe (<0, @) | © *
(B, o) and fix) > 0, V x € (o,
B. :

, (vi) |

Note: Iffix) =0, VxeR, thena>0andD<0andlff(x)<0
Vxe R, thena < 0and D <0.

What is the minimum height of any point
4x + 6 above the x-axis?

Example 1.13
on the curvey =x?—
Sol. y=x>-4x+6
=(x—-2)*+2
Now (x — 2)* > 0 for all real x.
Then (x — 2)> + 2 2 2 for all real x.

Hence, the minimum value of y (or x> — 4x + 6) is 2, which is the
height of the graph above the x-axis.

pomt\on the curve y = —x’+ 6x - 5 above the x-axis?

Sol. y=-xX+6x-5
= 4 (x—3)
Now (x — 3)2 > 0 for all real x,

Hence, the maximum value of y (or —x?+ 6x— 3) is 4, which is
the height of the graph above x-axis.

Example 1.1 Find the largest natural number ‘a’ for
which the maximum value of f(x) = a -1 + 2x — x? is smaller
than the minimum value of g(x) = x? - 2ax + 10 - 2a.
Sol. fixX)=a-1+2x—x*

=a—-(x*-2x+1)

=a—(x-1)
Hence, the maximum value of f(x) is “a” when (x— 1)?=0orx=1

gx)=x*-2ax+10-2a
=(x-a)}+10-2a- &

Hence, the minimum value of g(x) is 10 - 2a —
=0orx=a

@ when (x — a)*

JEE (MAIN & ADV.), MEDICAL
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Now given that maximum of f{x) is smaller than the minimum
of g(x)
a<-ag*+10-2a
= a+3a-10<0
(a+5)(@-2)<0
The largest natural number a = 1.

[2EINERNELE Find the least value of n such that
n-2)x*+8x+n+4>0,Vxec R,wherenc N.

Sol. (n—-2)x*?+8x+n+4>0,VxeR
64-4n-2)(n+4)<0andn-2>0
16— +2n-8)<0andn>2
m+2n-24>0andn>2
n+6)(n—-4)>0andn>2
n>4asne Nandn>?2

n>5

Hence, the least value of n is 5.

LU T e

If the inequallty mx? + 3x + H(x* + 2x

Example 1.137 ]
+2)<8is satisfied for all x € R, then find the values of m.

Sol. We have,

P+2x+2=x+1+1>0,Vxe R
Therefore,

mx’ +3x+4 <5

X2 +2x+2

= (m-5-Tx-6<0,Vxe R
= m-5<0and D<0
= m<S5and49 +24(m-5)<0
= Hn<—
24
SCIMCICRNERE If f(x) = (ax + b)) +(a2x+b)2 oee 4

3 x+ b )2, thenprove that (@b, +ab,+-
+ ot a,z,)(bf +b2+ e +b2).

Sol. Given,
f)=(ax+b)+(ax+b)+ -

2 2 2
.+ a"b") < (a1 +a;

+(ax+b)y (D

or
foy=(@+al+ -+
+ab)x+(b;+ b5+

a)x*+2ab, +ab,+ -
b ()

From (1), fix) >0, V x € R. Hence, from (2), we have

(@+a+ - +a)’+2ab, +ab,+-+ab)x
+ (b2 + b+ +b5)20Vxe R
Discriminant of its corresponding equation is
D <0 (- coefficient of x* is positive)
= 4(ab +ab,+ -+ a”b”)
<4(a +ai+ -+ @) (b + b+ -+ b))
= (ab +ab,+ --+ab)
S(a tai+ o+ a)(bi+bi+ -+ b))

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



B If c is positive and 2ax? + 3bx + 5¢ = 0
does not have any real roots, then prove that 2a — 3b + 5¢ > 0.

Sol. Given ¢ > 0 and 2ax* + 3bx + 5¢ = 0 does not have real
roots. Let :
f(x) =2ax*+ 3bx + 5¢
= Ax)>0,VxeRifa>00orfix)<0VxeR,ifa<0
But
5¢ =f0)>0
= Ax)>0,VxeR
= 2ax*+3bx+5¢>0,VxeR
= 2a-3b+5¢>0forx=-1)

I2CIBICRAEIE I ax’ +bx + 6 =0 does not have distinct
real roots, then find the least value of 3a + b.

Sol. Given equation ax* + bx + 6 = 0 does not have distinct real
roots. Hence,
= flix)=a*+bx+6<0,VxeR,ifa<0
or
fxX)=ar’+bx+6>0,Vxe R,ifa>0
But
f(0)=6>0 )
> f(X)=ax*+bx+6>0,Vxe R
= f(3)=9%+3b+6>0
= 3a+b>-2
Therefore, the least value of 3a + b is —2.

A quadratic trinomial P(x) = ax? + bx
+ ¢ is such that the equation P(x) = x has no real roots. Prove
that in this case the equation P(P(x)) = x has no real roots
either.

xExam' le 1.141

Sol. Since the equation ax* + bx + ¢ = x has no real roots, the
expression P(x) —x = ax* + (b — 1)x + ¢ assumes values of one
sign V x € R, say P(x)—x>0. Then

P(P(xy) — P(x) >0
forany x=x, i.e., P(x,) > x and hence P(P(x)) > x,. Therefore, X,
cannot be a root of the 4" degree equation P(P(x)) = x.

Prove that for real values of x the expres-
(3x — 4x? + a) may have any value provided
a lies between 1 and 7.

Sol. Let,

ax? +3x-4
Y= 3x—4x +q
= (a+4)xX*+B-3y)x-4-—ay=0

Now, x is real. So,
D=0
Al -yy+4da+4y) (4+ay) >0
9+ 16a)y* + (—18 + 44> + 64)y + (9 + 16a) >0,
VveR (- v takes any real value)
= 9+ 16a>0and (4a’+ 46)*> - 4(9 + 16a)* <0

U}
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a> —% and (4a? + 46 — 18 — 32a)(4a>+ 46 + 18
+32a) <0

= a> _% and (® - 8a + 7) (@ + 8a + 16) <0

= a>—% and 1<g<Tora=-4

= 1<ax7

I2CIUSRWEER Let a, b and ¢ be real numbers such that
a + 2b + ¢ = 4. Find the maximum value of (zb + bc + ca).

Sol. Given,
a+2b+c=4=ag=4-2b-c

Let,
ab+bc+ca=x=alb+c)+bc=x
= (@A-2b-c)(b+c)+bc=x _
= 4b+4c-20-2bc—bc~ct+bc=x
= 20P-4b+2bc—dc+ct+x=0

= 2P+ 2c-2)b—4c+c2+x=0
Since b € R, so
4 -2 -4 x2(4c+c*+x)>0
= —4c+4+8c-2c*-2x>0
= -4c+2x-4<0
Since ¢ € R, so
16-42x-4)>20=x<4
max(ab + bc + ac) =4

} Prove that for all real values of x and y,
6x -2y >-11.

e mvman

w2 1 3y
Sol. Let,
X4+ 2xy+3y2—6x-2y+11>0,Vx,ye R

= X+2y-6)x+3"-2y+11>0,VxeR

(2y-6)-43y’-2y+11)<0,Vye R

(-37-(3y"-2y+11)<0,Vye R

2y’+4y+2>0,Vye R

(y+ 1)’ 20, Vy e R, which is always true

——’ Concept Applicatioh Exercise 1.9 }——

1. If f(x)=vx* +ax+4 is defined for all x, then find the values
of a. :

L

2. Ifax® + bx+¢=0,a, b, c e Rhas no real zeros, and if ¢ < 0,
then which of the following is true?

{)a<0
ia+b+c>0
(iii) a>0
3. If ax’ + bx + ¢ =0 has imaginary roots and a + ¢ < b, then prove

that 4a +c < 2b.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



. 138 Algebra

4. Letx,y,ze Rsuchthatx+y+z=6andxy+yz+2zx=7. Then
find the range of values of x, y and z.

- 8, If xis real and (x* + 2x + ¢)/(x* + 4x + 3¢) can take all real
values, then show that 0 <¢ < 1.

6. If x e R, and a, b, ¢ are in ascending or descending order of
magnitude, show that (x — a)(x — ¢)/(x — b) (where x # b) can
assume any real value.

7. Find the complete set of values of a such that (x> — x)/(1 — ax)
attains all real values. .

8. If the quadratic equation ax® + bx + 6 = O does not have real
roots and b € R*, then prove that

b2
a>maxy—,b—6
24

9. 1If x be real and the roots of the equation ax® + bx +ec=0are

imaginary, then prove that a®x> + abx + ac is always positive.

LOCATION OF ROOTS

In some problems, we want the roots of the equation ax® + bx
+ ¢ = Oto lie in a given interval. For this we impose conditions
ona, bandc.

La >0
Conditioms:
(a) sum of roots, a + >0
(b) product of roots, a >0

(cYD=>0
Graphically:
Graphs fora > 0
\ —b/2a /
x O 5 x X x
Graphs fora <0
, 0 , 0 —b/2a
X / —bi2a \ x X 5 X
Fig. 1.41
Conditions:
(a) af(0)>0 (- whena>0,f0)>0and when a <0, {0) <0)
(b) -bl2a >0 '
(c)D=0
2.0,p<0
Conditions:

(a) sum of roots, a + f< 0
(b) product of roots, aff >0
(c)D=0
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Graphically:

Graphs fora >0

Conditions:
(2) af{0) > 0
(b) -b/2a <0
(c)D =0 -

3. a < 0 < B (roots of opposite sign)
Product of roots, of <0 '

Note That when o = < 0, ac<0
a

= D=b-4ac>0.
Graphically:

a>0 a<0

~Fig. 1.43
When a > 0, {0) < 0 and when a < 0, then f(0) >0
= afl0)<0.

4.0,8>k
Graphically:
Graphs fora >0

& —b/2a /
x k T x x

Graphs fora <0

k —b/2a

Fig. 1.44

k

’ ,

—b./2a

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



Conditions: _
(8) af(k) >0 (- whena>0, {k)>0and when a < 0, fik) < 0)
(b) —bH1a>k

©)D >0
5.0, <k
Graphically:
Graphs fora >0
\ -b/2a /
-b/2a k
Graphs fora <0
} k , —bl2a k
x / “bi2a \ X X H X
Fig. 1.45
Conditions:
(a) af(k) >0

(~ when a > 0, fik) > 0 and when a < 0, f{k) < 0)
(b)-b/a)<k

D=0
6. a <k < f8 (one root is smaller than k and other root is greater
than k)
a>0 a<(
X P
Fig. 1.46

When a >0, ftk) <0 and when a < 0, then fik) > 0
= aftk)<0.

7. Exactly one root lying in (k,, k,)
Graphs fora >0

A

Graphs fora <0

//\xx’ {Qx
T

Fig. 1.47

ky
x /
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From the graphs, we can see that Jtk,) and f{k,) have opposite
sign. Hence, fik )f(k,) <0.

8. Both the roots lying in the interval (k,, k).

Graphs fora >0
H : i x
k ' ky
Graphs fora <0
.k ky kb2
X r —x X ——x
/ —bi2u \
_ Fig. 1.48
From the graphs,

(@) aftk,) > 0 and af(k,) > 0
(b) k, <-b/(2a) < k,
(cyD>0

9. One root is smaller than k, and other root is greater than k,
In this case &, and £, lie between the roots.

a>() a<0

Fig. 1.49
From the graphs, af(k) <0 and aftk,) < 0.

f Letx’-(m -3)x+m=0(mc R)bea
quadratlc equatlon Find the values of m for which the roots
are

(i) real and distinct
(ii) equal
(iii) not real
(iv) opposite in sign
(v) equal in magnitude but opposite in sign
(vi) positive ‘
(vii) negative
(viii) such that at least one is positive

(ix) onerootis smaller than 2 and the other root is greater
than 2

(x) both the roots are greater than 2
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(xi) both the roots are smaller than 2
(xii) exactly one root lies in the interval (1, 2)

(xiii) both the roots lie in the interval (1, 2)

(xiv) at least one root lies in the interval (1, 2)

(xv) oneroot is greater than 2 and the other root is smaller
than 1

Sol. Letfix)=x*-(m-3)x+m=0
@

Fig. 1.50
Both the roots are real and distinct. So,
D>0

= m-3)-4m>0

= m-10m+9>0

= (m—l)(m—9)>0

= me (-0,1) U9, ®)
(1)

A

Fig. 1.51

Both the roots are equal. So,
D=0=>m=9%o0orm=1

N

Fig. 1.52

(iii)

Both the roots are imaginary. So,
D <0
= m-1)(m-9)<0

= me (1,9

@iv)

/ > X

Fig. 1.53
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The roots are opposite in sign. Hence, the product of roots is
negative. So, )
m<0=me (—x0,0)

W)

Fig. 1.54

Roots are equal in magnitude but opposite in sign. Hence,
sum of roots is zero as well as D > 0. So,

me (=0, 1)U (9, 0)yandm—-3=0,ie,m=3

= no such m exists, som € ¢.

(vi)

Fig. 1.55

<
-

/.

Both the roots are positive. Hence, D > 0 and both the sum.
and the product of roots are positive. So,

m—3>0,m>0and m (o, 1]U[9, )
me [9, ©)

(vii)

<

¥
I/ X - X

Fig. 1.56
Both the roots are negative. Hence, D > 0, and sum is nega-
tive but product is positive. So,

m—-3<0,m>0,me (—0, 17U [9, o)
= me (0, 1]

(viii) At least one root is positive. Hence, either one root is posi-
tive or both roots are positive. So,

me (-, 0) U {9, )
(ix)

y

Fig. 1.57
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One rootis smaller than 2 and the other root is greater than 2,
i.e., 2 lies between the roots. So,

f2)<0
= 4-2m-3)+m<0
= m>10
(x)

<
~

Fig. 1.58

Both the roots are greater than 2. So,
b
>0, ——>2
f(2)>0,D >0, 2 >

= m<l0andme (-, 1]U[9, 0)andm-3>4
= me [9, 10) .

(xi)
\ /2,

Fig. 1.59

Both the roots are smaller than 2. So,
. b
f2)>0,D=0, -—<2
2a

= me (-, 1]

(xii)
Yy

\_ i /] [1\ .

Fig. 1.60

Exactly one root lies in (1, 2). So,

ADA2) <0
= 4(10-m)<0

= me (10, )

(xiii) Both the roots lie in the interval (1, 2). Then,

‘D>0=>m-1)(m-9>0=>m<lorm=>9 (1)
Also
fily>0andf(2)>0=10>m (2)
and
1<—-i<2:>5<m<7 3)
2a
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Thus, no such m exists.

(xiv) Case I: Exactly one root lies in (1, 2). So,

A2 <0=>m> 10

Case II: Both the roots lie in (1, 2). So, from (xiii), m € ¢.
Hence, m-€ (10, ).

(xv) For one root greater than 2 and the other root smaller than 1,
fl1<0 1)

f2)<0 4 @)
From (1), (1) < 0, but f(1) = 4, which is not possible. Thus,
no such m exists.

DTN NAETE Find the values of a for which the equa-
tion sin* x + a sin’ x + 1 = 0 will have a solution.

Sol. Let
t=sin’x=te [0, 1]

Hence, £ + at + 1 = 0 should have at least one solution in [0, 1].
Since product of roots is positive and equal to one, 2+ at + 1 =
0 must have exactly one root in [0, 1]. Hence,

fH <0
= 2+4+a<0

= ae (—x©,-2)

Example 1 g G +x+2)-@-3)?+x+ D(x*+x
+2) + (a - 4)(x* + x + 1)> = 0 has at least one root, then find
the complete set of values of a.

Sol. Let,
et )
t=x"+x+1=>te|—, 00
- 4
Hence,
t+1P2-(a-Ntr+tD)+@-4r~=0
= P4+2t+1-(@-3)F+D+@-Hr=0

= (2-a+3)+1=0

1

= t=
(a—3)
= L3
a-5 4
N 19—3020
(@—3)
= ae(S,B
3

JAER I o is a real root of the quadratic equa-
bx + ¢ =0 and g is a real root of —ax? + bx + ¢ = 0,

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



1>.42 Algebra

then show that there is a root y of the equation (a/2)x? + bx
+ ¢ = 0 which lies between a and f.

Sol. Let,

f%) =§x2+bx+c
= flo =%a2 +bo+¢
=aocz+b0z+c—§ot2

(" ais aroot of ax’+ bx + ¢ =0)

SB) =2 B +bp+c
—_ap? +bﬁ+c'+%aﬁ2
:%aﬁz (+ Bis aroot of —ax? + bx + ¢ = 0)
Now,
R == o B < 0

Hence, f(x) = 0 has one real root between a and . -

For what real values of a do the roots of
—(a® - 1) = 0 lie between the roots of the
equation x> -2(a + Dx +a(a-1)=0.

Sol. x> -2x-(a’-1)=0 €))
x*=20a+ x+ala-1)=0 (2)
From Eq. (1),
xzzi,/4+24(a-—1) b (.,

Now, roots of Eqg. ( 1)_ lie between roots of Eq. (2). Hence,
graphs of expressions for Egs. (1) and (2) are as follows:

1y =hx)
l—a M | +u

1 |
' |
| |

V=L

Fig. 1.61

) =x-2x—(a*-1)
) =x*-2a+x+ala-1)

From the graph, we have
f(1-a)<0andf(l +a)<0
= (l-a)P’-2a+)(-a)+a(a-1)<0

JEE (MAIN & ADV.), MEDICAL
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I-ail-a)-2a-2-a]l<0
(1-a)(4a-1)<0
(a-1)(4a+1)<0

L v

—i—<a<1 | 3)

and
= (1+aP-2a+D@a+1)+a@-1)<0

=>(a+1+a(a-1)<0
= —a*-2a-1+a*-a<?0
= 3a+1>0

’ 1
- 4
= a> = » @)

From (3) and (4), thé required values of a lies in the range
-l/4<ax<l.

SOLVING INEQUALITIES USING LOCATION OF
ROOTS ‘

Find the value of a for which ax?
+ (a - 3)x + 1 < 0 for at least one positive real x.

Example 1.150 -

Sol. Let fix)=ax?+(a—3)x+1

Case I:

If a > 0, then f(x) will be negative only for those values of x
which lie between the roots. From the graphs, we can see that
f(x) will be less than zero for at least one positive real x, when
fix) = 0 has distinct roots and at least one of these roots is a
positive real root.

Fig. 1.62

Since f(0) = 1 > 0, the favourable graph according to the
question is shown in the figure given above. From the graph,
we can see that both the roots are non-negative. For this,

) D>0=(@-3"-4a>0
= a<lora>9 ey

(i) sum>0 and product >0
= —(a-3)>0and l/a>0
= 0<a<3 2
From (1) and (2), we have
ac (0, 1)
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Casell: a<0

Fig. 1.63

Since f{0) = 1 >0, then graph is as shown in the figure, which
shows that ax? + (a — 3)x 4+ 1 <0, for at least one positive x.

CaseIll: a=0

Ifa=0,
fx)=-3x+1
= fix)<0,Vx>1/3

Thus, from all the cases, the required set of values of a is
(=00, 1.

i If x>+ 2ax +a < 0 V x € [1, 2], then find

“Sol. Given,
X +2ax+a<0,Vxe[l,2]

Hence, 1 and 2 lie between the roots of the equation x? + 2ax
+a=0,

\ b2

o B

Fig. 1.64

= f(1)<0andfi2)<0
= 14+2a+a<0,4+4a+a<0

1 4
= a<-——,a<-—
3 5

SCICRNEYE If 07 - 5y + 3)(x? +x + 1) < 2x for all
X € R, then find the interval in which y lies.

Sol. ? -5y +3)(X2+x+1)<2x,Vxe R

2x
5 ( ..

P*+x+1>0Vxe R
x+x+1

= 3y’ -5y+3<

L.H.S. must be less than the least value of R.H.S. Now lets find
the range of R.H.S.
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Let
2x
x2+x+1=p
= p+@P-2x+p=0
Since x is real,
(p-2P—4p*>0
2 .
= —2Sp£§
The minimum value of 2x/(x* + x + 1) is -2. So,
V-5y+3<-2
= »-5y+5<0

= ye(s—\/g 5+\/§]

>

2 2

Find the values of a for which 4 - (a
yVite (1,2).

Sol. Let 2’ =x and f(x) = x> — (a — 4)x + (9/4)a. We want flx) <
0,Vxe (2',2%,ie,Vxe (2,4). '

(1) Since coefficient of x* in f{x) is positive, f(x) < 0 for some
x only when roots of f{x) = 0 are real and distinct. So,

D>0
= a-17a+16>0 (1

(i1) Since we want flx) <0V x € (2, 4), one of the roots of f(x)
= 0 should be smaller than 2 and the other must be greater
than 4, i.e.,

f2y<0and fid) <0
= a<-48anda> 128/7

which is not possible. Hence, no such a exists.

——1 Concept Application Exercise 1.10 '—

1. Find the values of a if x* — 2(a — I)x + (2a + 1) = 0 has positive
roots. :

2. If the equation (a — 5)x* + 2(a — 10)x + a + 10 = 0 has roots of
opposite sign, then find the values of a.

3. If both the roots of x* ~ ax + a = 0 are greater than 2, then find
the values of a.

4. If both the roots of ax® + ax + 1 = 0 are less than 1, then find
exhaustive range of values of a.

5. If both the roots of x? + ax + 2 = 0 lies in the interval 0, 3),
then find exhaustive range of values of a.

6. If o, faretheroots of x>~ 3x+a=0,ae Randa < | < f, then
find the values of a.

7. If ais the root (having the least absolute value) of the equation
x*—bx—1=0(be R, then prove that -1 < a < 0.

8. Ifa <b<c <d, then show that the quadratic equation u(x — a)

(x—c)+Ax-b)(x—d)=0has real roots for all real pand 4.
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Algebra

Subjective Type

1.

10.

11.

12.

13.

14.

15.

: ~Soluﬁqns on 'page;_} .60 )
Solve the following:
([P 5546 +yx2 =52 +4) T+ (£ ~5x-+6
. x+4
X sx+d)2=24

Show that the equation AZ/(x—a)+BZ/(x‘—b)+C2/(x—c)
+---+ H/(x~h) = k has no imaginary root, where A, B, C, ...,
Handa,b,c,...,handkeR.

Given that a, b, c are distinct real numbers such that the expres-
sion ax® + bx + ¢, bx’ + cx + a and ¢x’ + ax + b are always non-
negative. Prove that the quantity (4? + p* + ¢*)/(ab + bc + ca)
can never lie in (—o0, 1] U [4, ).

Find the number of quadratic equations, which are unchanged
by squaring their roots.

If a and j3 are the roots of x> — p(x + 1) = ¢ =0, then sﬁow that
(a+ 1) (B+1)=1-c. Hence, prove that

[32 +2B+1
B+ 2p+c
If @, § are the roots of the equation ax® + bx + ¢ = 0 and

S = a" + f, then show that aS,  + bS, + ¢S, = 0 and hence
find S..

o’ +20+1 o

ex2+2a+c

If a be a root of the equation 4x* + 2x — 1 = 0, then prove that
4¢* - 3a is the other root.

If (ax®+ bx+c)y+(ax*+bx+c)=0and x is a rational func-
tion of v. then prove that (ac’ - a'c)* = (ab’'— a'b)
X (be' = b'c).

If the roots of the equation x> — ax + b = 0 are real and differ
by a quantity which is less than ¢ (¢ > 0), then show that b lies
between (g2 —¢?) 4 and a4,

The equation ax? + bx + ¢ = 0 has real and positive roofs.
Prove that the roots of the equation a®¢® + a(3b — 2c)x
+(2b —¢) (b - ¢) + ac = 0 are real and positive.

If x2 + px — 444p = 0 has integral roots where p is a prime
number, then find the value(s) of p.

If ¢ and c¢ are odd prime numbers and ax* + bx + ¢ = 0 has ratio-
nal roots where b € I. Prove that one root of the equation will be
independent of a, b, c.

If 2x* — 3xy = 2y° = 7, then prove that there will be only two
integral pairs (x, y) satisfying the above relation.

Let a, b eN and a > 1. Also p is a prime number. If ax’ + bx
+ ¢ = p for two distinct integral values of x, then prove that ax?
+ bx + ¢ # 2p for any integral value of x.

Show that minimum value of (x+a)(x+b)/(x+c),wherea>c,

b>cis (\Ja—c+b-c)* for real values of x > —c.

EXERCISES

16.

17.

18.

19.

20.

21.

22.

Objective Type [N
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+ BOARD, NDA, FOUNDATION

Ifxe R, thenprove thatmaximumvalueof 2(a — x) (x + 4/x* +5*) '
isa*+ b

If flx) = 2% + ba? + cx + d and f(0), f(-1) are odd integers, prove
that f{x) = 0 cannot have all integral roots.

Find the values of k for which

o +kx+l
X2+ x+1

Solve the equation Ja(2* —2)+1 =1-2", xR -

For a < 0, determine all real roots of the equation
¥ =2alx—al-3a*=0.

<2,VxeR

Find the integral part of the greatest root of equation x* ~ 10x*
—1lx-100=0.

Find the values of a for which all the roots of the equation x*
— 4x* — 8x* + a = 0 are real.

Solutions on page 1.64

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Find the correct answer.

1.

If x = 2 + 227 + 2, then the value of x* — 6x + 6x is

a3 b.2 c. 1 d. 2

The least value of the expression x* + 4y + 322 - 2x
—12y-6z+14is
b. no least value ¢ 0

a. 1 d. none of these

Number of positive integers n for which n* + 96 is a perfect

square 1S
a. 8 b. 12 c. 4 d. infinite
If x, y € R satisfy the equation x? + y* — 4x — 2y + 5 = 0, then the

value of the expression [(\/;_\/;)2 +4\/E)]/(x+\/;y_) is
ﬁ+1

2+1 b.
2

J2-1 J2+1
c.—— d.
2 V2

. The number of real roots of the equation x> — 3lxl +2 =01is
a.2 b. 1 c.4 d.3
If x= 1 +1i is a root of the equation x* — ix + 1 —{ = 0, then the
other real root is
a.0 b. 1 c. -1 d. none of these
The number of roots of the equanon \/x_' (x—4x+3)=01is
a. three b. four
¢. one d. two

The curve y = (A + 1)x? + 2 intersects the curve y = Jx+3in
exactly one point, if 1 equals

a. {—2,2) b. {1}
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

c. {—2) d. {2}

If the expression x* + 2(a tb+ox+3(bc+ca+ab)isa
perfect square, then

b.a=+b=x%c¢

d. none of these

aag=b=c
ca=Dhb#c
If one root of the equation ax? + bx + ¢ = 0 is square of the
other, then a(c - b)® = cX, where X is

a.q® — b b.a* + b’

c.(a—b) d. none of these

If x> + px + 1 is a factor of the expression ax? + bx + c; then
aag>—cl=ab b.a’ +¢*=-ab

c.a® —c2=-ab d. none of these

Sum of the non-real roots of (2 +x—2) (x> +x-3)=121is
a.-1 b. 1
c. -6 d. 6

If (ax? + ¢)y + (ax* + ¢') = 0 and x is a rational function of y
and ac is negative, then

a.qgc’'+ac=0 b. ald’=c/c¢’

c.a?+ct=a*+c"? doaa’+cc’'=1

Let p and g be roots of the equation x> — 2x + A =0 and let r
and s be the roots of the equation x> -~ 18x + B=0.If p< g <
r < s are in arithmetic progression, then the values of A and B
are

a. 3, =77
c¢.—3,-77

b. 3,77
d.-3,77

The number of irrational roots of the equation 4x/(x? + x +3)
+5x/ (x* =5x+3)==3/2 s

a. 4 b. 0
el d. 2

Let a, b and ¢ be real numbers such that 4a + 2b + ¢ =0 and

ab > 0. Then the equation ax? + bx + ¢ = 0 has
a. complex roots b. exactly one root

¢. real roots d. none of these

If a, f are the roots of the equation x* — 2x + 3 = 0. Then the
equation whose roots are P=a* - 30> + S5 — 2 and Q = f* - §*
+f+5is

ax’+3x+2=0
c.x’-3x+2=0

b.x*-3x-2=0
d. none of these

If &, B be the roots of the equation 2x* — 35x + 2 = 0, then the
value of (2a — 35)* (28 - 35)* is equal to

a. 8 b. 1

c. 64 d. none of these

If a, b, ¢ are three distinct positive real numbers, then the
numnber of real roots of ax? + 2blxl —c=01is

a.0 b.4
c.2 d. none of these

If p(g— ) X+ q (r — p)x + r(p — q) = 0 has equal roots, then
2g =

21.

22.

23.

24.

25.

26.

27.

28.

29.
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Number System, Inequalities and Theory of Equations  1.45
a. l+l b.p+r
pr
2 rZ d L + L
P+ "

Let a # 0 and p(x) be a polynomial of degree greater than 2. If
p(x) leaves remainders a and —a when divided respectively by x
+ g and x — g, the remainder when p(x) is divided by x* — a® is

a. 2x b. - 2x
c.x d.—x

The quadratic x? + ax + b + 1 = 0 has roots which are positive
integers, then (a? + b%) can be equal to

a. 50 b. 37
c. 61 d. 19

The sum of values of x satisfying the equation

B14+815)" 7 +1=(32+815)" ¥ is

a.3 b.0
c.2 d. none of these

If a, B be the roots of the equation ax? + bx + ¢ = 0, then value
of (a0® +c)/(aa+b)+(af* +c)/ (aB+b) is

2 _ 2 _
a. b(b*—2ac) b. b* —dac
4a 2a
b(p* =2
c. # d. none of these
ac

A quadratic equation whose product of roots x, and x, is equal

to 4 and satisfying the relation x,/ (x,—1)+x,/(x,—1)=2 is

b.x+2x+4=0
dX?-4x+4=0

ax —2x+4=0-

c.xX’+4x+4=0

If a, b, ¢, d € R, then the equation (x* + ax — 3b) (x* — cx + b)
(x* = dx + 2b) = 0 has
a. 6 real roots b. at least 2 real roots

¢. 4 real roots d. 3 real roots

If o and § are the roots of the equation x* + px + g = 0, and o*
and f* are the roots of x> — rx + g = 0, then the roots of x* — 4gx
+2g° — r =0 are always
a. both non-real b. both positive

¢. both negative d. opposite in sign

If the roots of the equation (a — 1) (x* + x+ 1)?=(a + 1) (*
+ x2 + 1) are real and distinct then the value of a €

a. (—oo, 3] b. (-0,-2) U (2, )

c [-2,2] d. [-3, o)

If b,b, = 2(c, + c,), then at least one of the equations x* + bx
+¢,=0and x* + bx + ¢,= 0 has
a. imaginary roots b. real roots

¢. purely imaginary roots d. none of these
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30-

31.

a. AP

32.

33.

34.

3s.

36.

37.

38.

39.

Algebra

The integral values of 1 for which the roots of the equation
mi + (2m — Dx+ (m—2)=0are rational are given by the
expression [where 11s integer]

b.n(n+2)

d. none of these

a. n?
cn(n+l)

Suppose 4, B, C are defined as A =ab+ab? - a’c — ac’,
B=b+bc—a*b—ab>and C=d’c+ ac? — b’c — bc?, where
a>b>c¢>0 and the equation Ax* + Bx + C = 0 has equal
roots, then a, b, ¢ are in

b.G.P.

c.HP. - d.AGP.

The coefficient of x in the equation X +px+g=0was
wrongly written as 17 in place of 13 and the roots thus found
was —2 and —15. Then the roots of the correct equation are

a.—3,10 b. 3,10
¢.3,—10 d. none of these .

Ifa(p+q)2+2bpq+c=0anda(p+r)3+2bpr+c=0
(a #0), then

) 2 C
a.qr=p- b. gr=p +;

c.gr=—p° d. none of these

1f the roots of the equation ax® —bx +¢= 0 are o, f then the
roots of the equation bcx® — ab’x + a*=0are
1 1

ol L

o +af B+af at+of Br+op

1 1

R R B

at+af B +op

d. none of these

If ¢ and B, « and y, & and & are the roots of the equations
ax® + 2bx + ¢ =0,2bv + cx + a =0 and e+ ax + 26 =0.
respectively, where a. b and ¢ are positive real numbers, then

o+ o=
a. abc b.a+2b+c
c.—1 ' d.0

X = xy + > — 4x — 4y + 16 = 0 represents
a. a point b. a circle

c. a pair of straight lines d. none of these

If o f be the non-zero roots of ax + bx + ¢ =0and o, f* be
the roots of a2x? + b*x + ¢ =0, then «, b, ¢ are in

a. G.P. b. H.P.

c. AP d. none of these

If the roots of the equation ax® + bx + ¢ = 0 are of the form

(k+1)/k and (k+2)/(k+1). then (¢ + b + ¢)* is equal to

b. Za*
d. b> - 2ac

a.2b’ —ac

c. b* —4dac

If o, § are the roots of a +bx+c=0and o+ h, f+hare
the roots of px* + gx + r=0, then 1=

(b
b. (——ij
a p

d. none of these

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.-

50.
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If 0.  be the roots of the equation (x —a) (x — by+c=0(c
£0), then the roots of the equation (x — ¢ — ayx—c—-p=c
are )

b.a-candb-c

d.g+candb

a.a+candb+c
c.aand b +¢

If @, f are the roots of ax® + ¢ = bx, then the equation (a + cy)?
= by in y has the roots

a.af ™, a’'p b.o% f7
cal,p”! d.o, B
If the roots of the equation, x* + 2ax + b =0, are real and dis-

tinct and they differ by at most 2n1, then b lies in the interval
b. (@ — m?, a*)

d. none of these

a. (@ @ + )

¢ [@@ -, a?)

If the ratio of the roots of ax® +2bx + ¢ = 0 is same as the
ratio of the px* + 2gx + r = 0, then
2

~ 2b_4 p b4

ac pr at pr

B> qz
¢ — = d. none of these

ac pr
If one rootof > —x— k=0 is square of the other, then k =

a. 2445
[ Biﬁ

b. 223
d. 542

If & and f be the roots of the equation xt+px—=1/ 2pH)=0

where p € R. Then the minimum value of a* + f is
a. 242 b. 2-2
.2 d. 2442

If @. f§ are real and o, J# are the roots of the equation @x* +.x
41 -a=0(a> . then =

1
a.a’ b. 1-—
a2

c.l—-a d.l1+a

If @ and § are the roots of the equation x* —ax +b =0 and
A =o'+, then which of the following is true?

aA = aA + DA, _, b. A, =bA,+ al,
cA = aA, — DA d.A =bA - aA

The value of s for which one of the roots of x* = 3x + 2m =0
is double of one of the roots of v-x+m=01is

a.—2 b. |

c.?2 d. none of these

n=1 1+ n=-1

If the equalions ax® + bx + ¢ = Dand ¥+ 3x* +3x+2=0
have two common roots, then
b.u=b#c¢

d. none of these

a.a=b=c

ca=—b=c

Number of values of a for which equations x* + ax + 1 = 0
and ¥ 4+ av> + } = 0 have a common root

a.0 b. 1

c.2 d. infinite
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51.

52.

53.

54.

Let p(x) = 0 be a polynomial equation of the least possible
degree, with rational coefficients, having iﬁ +3/49 asone
of its roots. Then the product of all the roots of p(x) = 0 is
a.56 b. 63

c.7 d. 49

If o, 3, 7, o are the roots of the equation x* + 4x* — 6x* + 7x
—9 =0, then the value of (1 +02) (1 + ) (1 + ) (1 + 6% is

a.9 b. 11
.13 d.5

If (m,.,l/m,.),k r=1,2,3,4 be four pairs of values of x and y
that satisfy the equation x* + y? + 2gx + 2fy + ¢ = 0, then value
of m, mym,m, is

a.0 b.1

c.—1 d. none of these

If roots of an equation x’ — 1 =0are , a4, a,, ..., 4, | then

_ the valueof (1 —a) (1 -a) (1 —ay) - (1-a, ) willbe

585.

56.

57.

58.

59.

60.

a.n b. n?
c. n" d. 0

If tan 6,, tan 6,, tan ¢, are the real roots of the ¥* — (@ + 1) x°
+(b-a)x—b=0, where § + 0, + 6, €0, n), then 6, + 0,
+ 0, is equal to

a. /2 b. n/4

¢. 3n/4 d. 7

If o, B, 7 are the roots of x* —x* — 1 = 0 then the value of
1+ o)/ (l—c)+ 1+ B)/(A=P)+ 1+ /(1) is equal to

b. -6
d. 2

a.—5
c.—7

Let #, s and ¢ be the roots of the equation, 8x* + 1001x + 2008
= Q. The value of (r +s)* + (s + * + (1 + 1)’ is

a, 251 ' b. 751

¢. 735 d. 753

If x be real, then x/(x*—5x+9) lies between .

a.—l and -1/11 b. 1 and —1/11

c. land 1/11 d. none of these

If x is real, then the maximum value of (3x2+9x+17)/

Bx*+9x+7)is

a. l/4 b. 41

c. ] d. 17/7

Ifa, b € R, a # 0 and the quadratic equation ax’ ~bx + 1 =0
has imaginary roots then (a + b + 1) is
a. positive b. negative

€. ZEr0 d. dependent on the sign of b

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.
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If the expression [mx—1+(1/x)] is non-negative for all posi-
tive real x, then the minimum value of m must be

a.-1/2 b.0

c. 1/4 d. 172

Suppose that f{x) is a quadratic expression positive for all real
x. If g(x) = fx) + f(x) + f(x), then for any real x (where fx)
and f”(x) represent 1* and 2™ derivative respectively)

a.g(x) <0 b. g(x)>0

c.g(x)=0 d. g(x)=>0

Let f{x) = ax? — bx + %, b # 0 and fix) # 0 for all x € R. Then
aa+c?<b b.4a+c?>2b

c.9a-3b+c*<0 d. none of these

x, and x, are the roots of ax? + bx + ¢ = 0 and x,x, < 0. Roots
of x,(x —x, ) +x, (x - x,)=0are
a. real and of opposite sign b. negative
¢. positive d. non-real

If a, b, ¢, d are four consecutive terms of an increasing A.P. then
the roots of the equation (x —a) (x —¢) + 2(x = b) (x — d) = 0 -
are

a. non-real complex b. real and equal
c. integers d. real and distinct

If roots of x> — (a — 3)x + a = 0 are such that at least one of
them is greater than 2, then
a.a<[7,9]

c.ael9, o)

b.ae[7, )
d.ae(7,9)
Let Ax) = ax® + bx + ¢, a, b, c € R.If f{x) takes real values for

real values of x and non-real values for non-real values of x,
then

a.a=0
b.b=0
c.c=0

d. nothing can be said about a, b, c.

All the values of m for which both the roots of the equation
x? = 2mx+ m? — 1 = 0 are greater than —2 but less than 4, lie
in the interval

b.m >3

d. l<m<4

a-2<m<0
c.—l<m<3
If the roots of the quadratic equation (4p — p* — S
—(2p - 1) x+ 3p =0lie on either side of unity, then the number
of integral values of p is

a. | b. 2
c.3 d. 4

The interval of a for which the equation tan® x — (@ — 4) tan x
+4 — 2a = 0 has at least one solution V x € [0, 7/4]

a.ae(2,3) b.a€[2,3]

cae(l,4) d.aell, 4]

The range of a for which the equation x* + ax — 4 = 0 has its
smaliler root in the interval (-1, 2) is

a. (o, —3) b. (0, 3)
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72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

Algebra

¢ (0, ) d. (—o0, =3) U (0, )

If both roots of the equation ax? + x + ¢ — a = 0 are imaginary
and ¢ > —1, then

a.3a>2+4c
c.c<a

b.3a<2+4c
d. none of these

The set of all possible real values of a such that the inequality
x—(a-1)) (x—(a®+2))<0holds for all x e (-1, 3) is
a.(0,1) b. (c0, -1}

c. (—o, ~1) d. (1, )

Consider the equation x2 + 2x — n = 0, where n € N and n €[5,
100]. Total number of different values of ‘n’ so that the given
equation has integral roots is

a. 8 b.3
c.6 d. 4

Total number of values of a so that x> — x — a = 0 has integral
roots, where g € N and 6 < a < 100, is equal to

a.2 b. 4
c.6 d. 8

Total number of integral values of ‘a’ so that x>~ (¢ + Dx + a
— 1 =0 has integral roots is equal to

a. l b.2
c.4 d. none of these

The number of values of & for which [x* — (k — 2)x + k%]
X [x* + kx + (2k — 1)] is a perfect square is

a. 2 b. 1

c.0 d. none of these

If a, B are the roots of x* + px + g =0 and x* + p'x" + ¢" = 0
and if (a/f), (5/a) are the roots of x" + | + (x + 1)"=0, then
n(eN)

a. must be an odd integer b. may be any integer

c. must be an even integer d. cannot say anything
The number of positive integral solutions of

x* —y*=3789108 is

a.0 b. |

c.2 d. 4

If xy =2(x +y), x<yand x, y €V, then the number of solutions
of the equation are

b. three

d. infinitely many solutions

a. two

¢. no solution

Ifa p,yaresuchthata+f+y=2, 2+ +y’=6,a* +
+9*=8,then o* + f* + y* is
a. 18
c. 15

b. 10
d. 36

The number of integral values of a for which the quadratic
equation (x + a) (x + 1991) + I = 0 has integral roots are

a3 b.0

83.

84.

8s.

86.

87.

88.

89.

90.

91.
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c i d.2

The number of real solutions of theequation (9/10) =— 3+ x— x>
is
a.2 b.0

c. 1l : d. none of these

If @, b and c are real numbers such that @*> + b + ¢* = 1, then ab
+ bc + ca lies in the interval

a.[1/2,2] b. -1, 2]

c. [-1/2, 1] d. [-1, 1/2]

If the equation cot’ x — 2 cosec® x + @* = 0 has at least one solu-
tion then, sum of all possible integral values of « is equal to

a. 4 b.3

c.2 d.0

Letx,y, z, t be real numbers x> + y* =9, 22 + £ =4 and xt — yz =
6. Then the greatest value of P = xz is

a.2 ‘ b.3

c.4 d. 6

If a, b, ¢ be distinct positive numbers, then the nature of roots

of the equation 1/ (x —a)+1/ (x = b)+1/(x ~c)=1/x is

a. all real and distinct
b. all real and at least two are distinct
c. at least two real

d. all non-real

If (b? - 4acy* (1 + 4a%) < 64a?, a <0, then maximum value of
quadratic expression ax*+ bx + ¢ is always less than

a.0 b.2

c. -1 d. -2

For x? — (a + 3) Ixl + 4 = 0 to have real solutions, the range of a
is

a. (oo, =71 W [1, ) b. (=3, ©)

c. (—oo, =7 d. (1, o)

If the quadratic equation 4x*> = 2(u + ¢ = l)x+ac-b =0
(a>b>c¢)

a. both roots are greater than «

b. both roots are less than ¢

¢. both roots lie between ¢/2 and a/2

d. exactly one of the roots lies between ¢/2 and a/2

If the equation x* + ax + b = 0 has distinct real roots and
x* + alxl + b = 0 has only one real root, then which of the fol-
lowing is true
a.b=0,a>0
¢.b>0,a<0

b.b=0,a<0
d.b<0,a>0
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92. The equation 2™ + (a - 1)2**' + a = 0 has roots of opposite
signs then exhaustive set of values of a is

a.aes(-1,0) b.a<0
c.a (o, 1/3) d.a <0, 1/3)

93. If the equation Ix? + bx + ¢l = k has four real roots, then

doeb?
a.b? —4c>0and0<k <=0

N 2
b.b? —dc<Oand 0<k << y b

- 2
¢.b* —4c>0and k> dc-b

d. none of these

9. P(x) is a polynomial with integral coefficients such that for -
four distinct integers a, b, ¢, d; P(a) = P(b) = P(c) = P(d) = 3.
If P(e) =5 (e is an integer), then

b.e=3

d. no real value of e

a.¢=1
C.e=4

95. The number of integral values of x satisfying
J-x2 +10x-16 <x-2is
a.0 b. 1
c.2 d.3

96. If x2 + ax - 3x — (a + 2) = 0 has real and distinct roots, then
minimum value of (42 +1)/(q? +2)is

a. l b.0

at
4

C.

| —

97. The set of values of a for which (¢ — )2 - (a + D)x
+a—120istrue forall x >2
b. [1, lj
3

d. none of these

a. (—o0, 1)

[

98. The value of the expression x* — 8x* + 18x — 8x + 2 when
x=2+ «,/—3T -
a.2 b. 1
0 d.3

Multiple Correct Answers Type R R Y N7

Each question has four choices a, b, ¢ and d, out of which
one or more answers are correct.

1. Ifx, yeRand 2x* + 6xy + 5* = 1, then
a k<5 b, kl>+/5
c.y?<2 d. y*<4
2. If the equation whose roots are the squares of the roots of the

cubic x’— ax*+ bx — 1 = 0 is identical with the given cubic
equation, then

2.a=0,b=3
b.a=b=0
ca=h=3

d.a, barerootsof > +x+2=0

10.

11.
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. If the equation ax® + bx + ¢ =0, a, b, ¢ € R have non-real roots,

then
acla-b+c)>0
c.c(4a-2b+c¢)>0

b.cla+b+¢c)>0
d. none of these

. If ¢ # 0 and the equation p/(2x)=a/(x+c)+b/(x—c) has two

equal roots, then p can be
a. (Ja—by’

c.a+b

b. Ja+/b)?

d.a-b

. If the equations 4x —x—1 =0 and 3> + (A + yr) x + 1 — = O have

a root common then the rational values of A and y are
b.1=0

d.y=0

. If the equation ax? + bx + ¢ = 0 (a >'0) has two real roots a and

/B such that & <=2 and f > 2, then which of the following state-
ments is/are true?

a.a-lbl+c<0
c.4a-2bl+c<0

b.c<0,6°-4ac>0
d.9%a-31bl+c<0

. If the following figure shows the graph of fix) = ax? + bx + c,

then
1
' X
Fig. 1.65
a.ac<0 b.bc>0
c.ab>0 d. abc <0

L If cosx—y? —yfy—x*—120, then

b.xe R
d.x=0

a.y>1
c.y=1

The value of x satisfying the equation 22" — 8 x 27 = 12 is

1
4 143083 b. Llog6
log2 2
1+lo 3 d. 1
C. - .
£3

If a, B are the roots of the quadratic equation ax* + bx + ¢ =0
then which of the following expression will be the symmetric
function of roots S

a. b. o?8° + p%a’

log d
B

2
c.tan (o — f) d. [logéj +(log B)>

If the quadratic equation ax? + bx + ¢ = 0 (a > 0) has sec?  and
cosec?  as its roots, then which of the following must hold
good?

b. b’ - 4ac>0

d.4a+b>0

ab+c=0
c.c>4a
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Algebra

Let a. b. ¢ €0* satiéfying a > b > c¢. Which of the follow-
ing statement(s) hold true for the quadratic polynomial
f)=(a+b-2c)*+b+c—-2a)x+(c+a-2b)?

a. The mouth of the parabola y = f{x) opens upwards

b. Both roots of the equation f(x) = 0 are rational

¢. x-coordinate of vertex of the graph is positive

d. Product of the roots is always negative

The graph of the quadratic trinomial y = ax® + bx + ¢ has its

vertex at (4, —5) and two x-intercepts one positive and one nega-
tive. Which of the following holds good?

a.a>0 b.b<0

c.c<0 d.8a=b

If the roots of the equation, x* + px* + gx — 1 =0 form an increas-
ing G.P., where p and q are real, then

ap+qg=0

b.pe(—3, x)

c. one of the root is unity

d. one root is smaller than | and one root is greater than 1

If (sin &) ¥ — 2x + b > 2, for all real values of x < 1 and

a €(0, ©/2) U (n/2, @), then possible real values of b is/are

a.2 b.3 c. 4 d.5

If every pair from among the equations x* + ax + bc = 0,
2 + bx + ca = 0 and x? + cx + ab = 0 has a common root, then

a. the sum of the three common roots is —1/2@+b+c)

b. the sum of the three common roots is 2(a + b + ¢)
c. the product of the three common roots is abc
d. the product of the three common roots is a’h’c’

If a, b, ¢ are in G.P. then the roots of the equation ax* + bx + ¢
=0 are in the ratio :

a. %(—Hiﬁ) b. %(1—1\/5)

c. %(_1_,\5) d. %(Hiﬁ)

If ax? + (b — ¢)x + a — b — ¢ = 0 has unequal real roots for all ¢
eR, then

b.a<0<b
d.b>a>0

a.b<0<a

c.b<a<0

Given that . y are roots of the equation Ax* —4x + | = 0. and
B, & the roots of the equation of Bx* — 6x + 1 = 0, such that o, f,
yand J are in H.P., then

b.A=4
d.B=8

a.A=3
c.B=2

If the equations x* + px + g =0 and x* + px + ¢'= O have a
common root, then it must be equal to

a P4°P4 b 474
4-q p-p

. F=P a. P4-r4
9-9 p-p

21.

22.

23.

24.

26.

217.

28.

30.

31.
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If 2% + 3x2 — 9x + ¢ is of the form (x — @) (x — f), then ¢ i3
equal to
a. 27

b. -27 c.5 d.-5

If the equations x* + bx —a =0 and x> —ax+ b =0 have a
common root, then
a.a+b=0
ca-b=1

b.a=b
doa+b=1

If (x*+ax+3)/(x*+x+a) takes all real values for possible
real values of x, then

a.4a’>+39<0 b. 44> +39>0
C. azl d. a<l
4 4

If cos* 0 + a, sin® @ + a are the roots of the equation x* + 2bx +

b =0 and cos? 8 + 3, sin® § + f are the roots of the equation x* +
4x + 2 =0, then values of b are :
a.2 b. -1

c.—2 d. 1

. If the roots of the equation x* + ax + b =0 are ¢ and d, then

roots of the equation x2 + 2c + a)x + 2 + ac + b =0 are

ac - b.d-c ¢ 2¢c d.0

Ifa, b, c € R and abe < 0, then the equation bex® + 2(b + ¢ — a)
x+a=0, has

a. both positive roots

b. both negative roots

c. real roots

d. one positive and one negative root

For the quadratic equation x2+2(a+ Dx +9a - 5=0, which
of the following is/are true?

a. If 2 < a < 5, then roots are of opposite sign.

b. If a < 0, then roots are of opposite sign.

c. If a > 7, then both roots are negative.

d.If 2 < a < 5, then roots are unreal.

Let P(x) = x2 + bx + ¢, where b and c are integer. If P(x) is a
factor of both x* + 6x2 + 25 and 3x* + 4x* + 28x + 5, then

a. P(x) = 0 has imaginary roots

b. P(x) = 0 has roots of opposite sign
c.P()=4

d.P(1)=6

If lax® + bx + ¢I < | for all x in {0, 1], then

b. 161> 8
d. lal + bl + Ict < 17

a. lal <8

clel<1

Let flx) = ax® + bx + ¢. Consider the following diagram. Then

¥

\ / y=ax?+bx +¢
\/ o

Fig. 1.66
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a.c<<0 b.b>0
c.a+b-c>0 d. abc <0

Reasoning Type § v Solutions on page 1.76

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Each question contains STATEMENT 1
and STAT EMENT 2.

a. Both the statements are TRUE and STATEMENT 2 is
the correct explanation of Statement 1.

b. Both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.

c. STATEMENT ! is TRUE and STATEMENT 2 is FALSE.

d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. .

1. Consider the function f{x) = log, (ax*+ (a + b) X
+(b+ c)x+c).
Statement 1: Domain of the functions is
(=1,e0) ~ =(b/2a)}, where a > 0, b> — 4ac = 0.

Statement 2: ax” + bx + ¢ = 0 has equal roots when
b*—4ac=0.

2. Statement 1: If ¢ > 0 and »? — ac < 0, then domain of the
function f(x) = Jax’ +2bx+c is R.

Statement 2: If 5° - ac < 0, then ax® + 2bx + ¢ = 0 has
imaginary roots.

3. Statement 1: If equations ax* + bx + c =0 and x* — 3x + 4

=0 have exactly one root common, then at least one of a,
b, ¢ is imaginary.

Statement 2: If ¢, b, ¢ are not all real, then equation «x?
+ bx + ¢ = 0 can have one root real and one root imagi-
nary.

4. Statement 1: If cos® #/8 is a root of the equation x* + ax
+b=0wherea, b e Q, then ordered pair (u, b) is [-1, (1/8)] .

Statement 2: If a + mb = 0 and m is irrational, then
a,b=0.

5. Statement 1: If &* + b* + ¢* < 0, then if roots of the equa-
tion ax* + by + ¢ = () are imaginary. then they are not com-
plex conjugates.

Statement 2: Equation ax? + bx + ¢ = 0 has complex con-
Jjugate roots when «, b, ¢ are real.

6. Statement 1: Equationix’+(i—1)x—(1/2)—i=0 has imagi-
nary roots.

Statement 2: If a =i, b =i~ 1 and c=—(1/2)—i, then
b? - 4ac < 0.

7. Statement 1: If f{x) is a quadratic polynomial satisfying
J(2) + fi4) = 0. If unity is a root of fx) = 0, then the other
root is 3.5.

10.

11.

12.

13.

14.

15.

16.
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Statement 2: If g(x) = px>+ gx + r = 0 has roots a, §, then
a+pf=-qlpand af=0/p).

. Letflx)=—x2+(a+1)x+35.

Statement 1: f(x) is positive for some o < x < and for all
a&R.

Statement 2: f{x) is positive for all x € R and for some real a.

. Leta, b, cbereal such that ax> + bx +c=0and x> + x + 1
* =0 have a common root.

Statement 1: a=b=c¢

Statement 2: Two quadratic equations with real coeffi-
cients cannot have only one imaginary root common.

Statement 1: The equation (x —p) (x—r) + A (x — g) (x — 5)
=0, where p < g < r<s, has non-real roots.

Statement 2: The equation px*+ gx + =0 (p, ¢, r €R) has
non-real roots if g> — 4pr < 0.

Statement 1: If px* + gx + r = 0 is a quadratic equation (p,
g, r €R) such thatits roots are @, fand p + g+ r <0, p— g
+r<0and r> 0, then [a] + [B] = —1, where [] denotes
greatest integer function.

Statement 2: If for any two real numbers a and b, function
S(x) s such that fla) fib) < 0 = f(x) has at least one real root
lying in (a, b).

Statement 1; If O<a<(w/4), theﬁ_the equation (x — sin @)
X (x —cos a) — 2 = 0 has both roots in (sin a, cos o).

Statement 2: If f(a) and f(b) possess opposite signs, then
there exist at least one solution of the equation f(ix) = 0 in
open interval (a, b).

Statement 1: If all real values of x obtained from the equa-
tion 4* — (a - 3) 2* + (a — 4) = 0 are non-positive, then
ac(4,5].

Statement 2: If ax® + bx + ¢ is non-positive for all real
values of x, then b* — 4gc must be negative or zero and ‘@’
must be negative.

Statement 1: If (¢> — 4) x2 + (a~— 3a+2)x+ (a- Ta+ 10)
= 0is an identity, then the value of ¢ is 2.

Statement 2: If ¢« — b = 0, then ax® + bx + ¢ = 0 is an
identity.

Statement 1: If the roots of x* — 40x* + Px* + Qx> + Rx
+ 8 =0 are in G.P. and sum of their reciprocal is 10, then
[S1=064.

Statement 2: X, x, X, X, x; = =S, where x|, Xy, Xy, X,, X, Are

the roots of glven equation.

Statement 1: If ¢, b, ¢, a,, b, ¢, are rational and equations
ax’+2bx +c=0and a x’+2bx + ¢, = 0 have one and only
one root in common, then both b*—ac and b* - a,c, must
be perfect squares.
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Statement 2: If two quadratic equations with rational
coefficients have a common irrational root p+\/c;, then
both roots will be common.

Statement 1: If g, b, c € Z and ax® + bx + ¢ = 0 has an irra-
tional root, then | f(1)|>1/4%, where Ae(d= L. pqez
and f(x) = ax® + bx + c. 1

17.

Statement 2: If g, b, ¢ € Q and b* — 4ac is positive but not
‘a perfect square, then roots of equation ax? + bx + ¢ =0 are

irrational and always occur in conjugate pair like .2 + NG »

and 2-+3.

Statement. 1: The number of values of a for which
(@*-3a+2)x*+(a® - 5a + 6) x + a> — 4 = 0 is an identity
in x is 2.

Statement 2: If a = b = ¢ = 0, then equation
ax® + bx + ¢ =0 is an identity in x.

19. Statement 1: If roots of the equation x> — bx + ¢ = 0 are

“two consecutive integers, then b —-4c=1.

Statement 2: If @, b, c are odd integer, then the roots of
the equation 4 abc x* + (b* — 4ac) x — b = ( are real and
distinct. :

20. Letax®?+bx+c=0,a#0(a,b, c €R) has no real roots and

a+b+2c=2.

Statement 1: ax* + bx + ¢ >0, VxR

Statement 2: a + b is positive.

21. Consider a general expression of degree 2 in two variables

asflix, y) =5x*+ 2y - 2xy —6x - 6y + 9.

Statement 1: f(x, y) can be resolved into two linear factors
over real coefficients.
Statement 2: If we compare f{x, y) with ax? + by* + 2hxy
+2gx + 2fy + ¢ = 0, we have abc + 2fgh — af* - bg? — ch?
=0.
22. Statement 1: The equation x* + Zm + Dx + 2n + 1) =0,
where m and n are integers cannot have any rational roots.

Statement 2: The quantity (2m + 1)* — 4(2n + 1), where m,
n € I can never be a perfect square.

Linked Comprehension Type NN Y 2" 1.78

Based upon each paragraph, some mulitiple choice questions
have to be answered. Each question has four choices a, b, ¢
and d, out of which only one is correct.

For Problems 1-3

Consider an unknown polynomial which when divided by
(x —3) and by (x — 4) leaves remainders as 2 and 1, respectively.
Let R(x) be the remainder when this polynomial is divided by
(x-3)(x—4).

JEE (MAIN & ADV.), MEDICAL
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1. If equation R(x) = x? + ax +.1 has two distinct real roots,
then exhaustive values of a are
a.(—2,2)

c. (=2, )

b. (-0, ~2) U (2, 0)
d. all real numbers

2. If R(x) = px* + (g — Dx + 6 has no distinct real roots and p
> 0, then least value of 3p + g is

a.—2 b. 2/3

“e.—1/3 d. none of these _
3. Range of f(x) =[R(x)]/(x*=3x+2) is
a. [2,2]
b. (~o0, ~2=\B]U[-2+3, )
C. (=00, = T= 431U [—T+44/3, o)

d. none of these

For Problems 4-6

Consider the quadratic equation ax®* — bx + ¢ =0, a, b, c €N,
which has two distinct real roots belonging to the interval

. (1, 2).
4. The least value of a is
a.4 b. 6 c.7 d. 5
5. The least value of b is
a. 10 b. 11 c. 13 d. 15
6. The least value of ¢ is
a. 4 b. 6 c.7 d.5

For Problems 7-9

Consider the equation x* + 2ax® + x> + 2ax + 1 = 0, where
a € R. Also range of function f(x) = x+/x is (—ee, = 2] U[2, 00) .

7. If equation has at least two distinct positive real roots then
all possible values of g are
a. (-0, — 1/4)
¢. (oo, — 3/4)

b. (5/4, )
d. none of these

8. If equation has at least two distinct negative real roots, then
all possible values of a are

a. (3/4, )
c. (—oo, 1/4)

b. (- 5/4, )

d. none of these

9. If exactly two roots are positive and two roots are negative,
then number of integral values of a is

a.2 b. 1 c.0 d.3

For Problems 10-12

Let fix)=x*+ b x +c,, g(x) =x* + bx + c,. Let the real roots of
fix)=0be a, f and real roots of g(x) =0 be o + £, f + h. The least

- value of f(x) is —1/4. The least value of g(x) occurs at x =7/2
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10. The least value of g(x) is

b. -1 c. —— d. —

a L
"4 3 2

11. The value of b, is

a.-5 b.9 c. -8 d. -7
12. The roots of f(x) =0 are )

a. 3, —4 b.-3,4 c. 3,4 d.-3,-4
For Problems 13-15

In the given figure, vertices of AABC lie on y = flx) =
+ bx + ¢. The AABC is right angled isosceles triangle whose
hypotenuse AC= 4\/5 units.

y
y=/x)
=ax’+bxtc
A4 (0] C .
B
Fig. 1.67
13. y =f(x) is given by
ay=x>-22 b.y=x-12
2 2
X X
C )1:———-2 d' __2\/3
2 ) 22

14. Minimum value of y = f{x) is
a.-4
¢ 22

- b.2

d. none of these

15. Number of integral values of k for which one root of f(x)
= 0 is more than k and other less than £

a.6 b. 4 ¢.5 d. 7

For Problems 16-18

Consider the inequality 9* — a3* — a + 3 < 0, where ‘a’ is a real
parameter.

16. The given inequality has at least one negative solution for

ae
a. (— o, 2) b. (3, )
c.(=2,00) d. (2,3)

17. The given inequality has at least one positive solution for
ae

a. (=, — 2) b. [3, )
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c. (2, ) , d. [- 2, o)

18. The given inequality has at least one real solution for a €
a. (-, 3) b. [2, )
c. (3, ) d. [- 2, )

For Problems 19-21

Consider the inequation x> + x +& — 9 < 0.

19. The values of the real parameter ‘a’ so that the given ine-
quation has at least one positive solution:
a. (—o, 37/4) b. (—0, )
c. (3, ) d. (0, 9)

20. The values of the real parameter ‘a’ so that the given ine-
quation has at least one negative solution:

a. (0, 9) b. (37/4, o)

C. | —oo,—
4

d. none ofthese

" 21. The values of the real parameter ‘@’ so that the given

inequation is true V x € (-1, 3):

a. (o0, —3) B (3, %)
c. [9, ) d. (. 37/4)
For Problems 22-24

‘af(u) < 0’ is the necessary and sufficient candition fier a pagticular
real number y to lie between the roots of a quadratic equation
fx) =0, where f(x) = ax® + bx + c. Again if fiu)fiu,) <0, then
exactly one of the roots will lie between ®, and p,.

22. If Ibl > la + cl, then

0 is positive, the other is negative
0 liesin (-1, 1)

¢. 1 lies between the roots of f{x) =0

d. both the roots of f(x) = 0 are less than 1

a. one root of f{x) =
b. exactly one of the roots of f{x) =

23. Ifa(a+b+c)<0<(a+b+c),then
a. one root is less than 0, the other is greater than 1

b. exactly one of the roots lies in (0, 1)
¢. both the roots lie in (0, 1)

d. at least one of the roots lies in (0, 1)

24. If (a+ b+ c)c <0< ala+ b +c), then
a. one root is less than 0, the other is greater than 1
b. one root lies in (—o, 0) and other in (0, 1)
¢. both the roots lie in (0, 1)

d. one root lies in (0, 1) and other in (1, o)

For Problems 25-26

The real numbers x,,
+y=0arein A.P.

x,, x, satisfying the equation x* — x* + fx
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25, All possible values of f are 3.
( 1 ] : ( 1 ] Column I Column 1T
A |3 b. | —, -3 :

a. If g, b, ¢ and d are four zero real number | p.a+b+c=0

1 1 such that (d+a—b)2+(d+b—c)?=0and
c. ( ) d. (_E’wj the roots of the equation a(b — ¢)x* + b (¢
— a)x + c¢(a — b) = 0 are real and equal then

b. If the roots of the equation (@ + b?) x2 = 2b | q. a, b, c are in A.P.

a _l'bo. . b ——L+oo (a+c)x+(b2+c-) 0 are real and equal,
Ly ) 7’ then
2 c. If the equation ax’ + bx + c=0 and x* - 3x* | r. a, b, c are in G.P.
C. ( 5 ooj d. none of these + 3x — 1 =0 have a common real root, then

d. Let a, b, ¢ be positive real numbers such | s. a, b, c are in H.P.

that the expression

Ma trix-Match Type : Solutions on page 1.81 b2 +(J(a+c)? +4b2 )x +(a + )

is non-negative ¥V x € R, then

Each question contains statements given in two columns,
which have to be matched. Statements a, b, ¢, d in column
I have to be matched with statements p, q, I, s in column 4
IL. If the correct matches area — p,a —>s,b - q, b — X
r,c — P, ¢ — q and d — s, then the correctly bubbled Column I Column II
4 x 4 matrix should be as follows: (Number of positive integers for which)

r s a. one root is positive and the other is negative | p. 0

P 4q
Jolololo i gm0 26 ||
b @ @ @ @ ) b. exactly one root of equation x> — m(2x — 8) | q. infinite
; 15 =0 lies in i ’
¢ @ @ @ @ 15 .hes in interval (0, 1)

¢. the equation x* + 2(m + Dx + 9m-=5=0 r. 1
d @ @ @ @ ' has both roots negative
d. the equation x> + 2(m — D)x+m+5=0 s. 2

1. Match the following for the equation x> + a [xl + | =0, where a is
a parameter.

has both roots lying on either sides of 1

Column 1 Column II 5.
a. No real roots p.a<—2 = . . ColumnI Column II ,
b. Two real roots : 6 a.If x* + ax + b =0 has p. (1 - bgy =(a-pb)p-aq)
- : roots a, fand x> + px +g =
c. Three real roots ' r.a=-2 0 has roots — @, y, then
d. Four distinct real roots. s.a>0 . b.If ¥* +ax+b=0has q. (4 — bg)? = (4a + 2pb)(-2p — aq)
7 roots g, B and x* + px + ¢ V
2. =0 has roots 1/a , y, then .
c. If ¥ + ax + b= O'has r. (1 —4bg)? = (a+ 2bp)( - 2p — 4aq)
Column I Column II roots o, fand X% + px + ¢
= 0 has roots — 2/a, y, then

x2 -2x+4 p 1
a. y=———,x€R, then y can be T d.If x* + ax + b =0 has s. (g—- b)Y =(aq+bp)p-a)

X" +2x+4 roots @, fand X* + px + ¢

] = () has roots ~ 1/(2a), ¥,
2
b. v=x——ﬁ——2,xeR, then y can be q-4 then
’ 2x-3

e y= x2 ¥4 R, then y can be r.—3 Integer Type ~ Solutions on page 1.83

x“—4x+3

. e 5 1
d.*-(a-3)x+2<0,Vxe(-2,3). thenacanbe | s.—10 1. Let ‘@’ is a real number satistying a* + — = 18. Then the
a

1
value of a* + — -39 is.
a
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10.

11.
12.

13.

14.

15.

5 1
Let P(x) = 3° 6x—9x?and Q(y) =—4y* + 4y + —23— . If there

_exist unique pair of real numbers (x, y) such that P(x) Q(y)

=20, then the value of (6x + 10y) is.

Let P(x) = x> — 8x* + cx — d be a polynomial with real coeffi-
cients and with all its roots being distinct positive integers.
Then number of possible value of ‘¢’ is. -

Let cx,, B, are the roots of x* — 6x + p =0 and ¢, S, are the
roots of x*~54x+q=0.1If o, B,, &, B, form an increasing
G.P., then sum of the digits of the value of (g — p) is.

If the equation 2x2 + 4xy + 7y? — 12x — 2y + t = 0 where ‘¢’ is
a parameter has exactly one real solution of the form (x, y).
Then the sum of (x + y) is equal to. :

Polynomial P(x) contains only terms of odd degree. When
P(x) is divided by (x — 3), the remainder is 6. If P(x) is
divided by (x* — 9), then the remainder is g(x). Then the
value of g(2) is.

If set of values of ‘a’ for which f{x) = ax* — (3 + 2a) x + 6,
a # O is positive for exactly three distinct negative integral
values of x is (c, d], then the value of (¢ + 4idl) is equal
to.

Given « and f are the roots of the quadratic equation x? — 4x
+k=0k=0).1If off, o + 0?P, & + [ are in geometric
progression, then the value of 74/2 equals.

If the equation x> + 2(A + Dx + A2+ A+ 7 =0 has only
negative roots, then the least value of A equals.

Let P(x) = x* + ax® + bx* + cx + d be a polynomial such that
P(1) =1, P(2) =8, P(3) = 27, P(4) = 64, then the value of
P(5) is divisible by prime number.

If \Vx =4 {/ ¥/3x* +4 , then the value of x* is.

Number of .positi{/e integers x for which fix) = x* — 8x*
+ 20x — 13 is a prime number is.

If equation x* ~ 3m + 2)x> + m? = 0 (m > 0) has four real
solutions which are in A.P., then the value of ‘m’ is.

The quadratic polynomial p(x) has the following properties:

p(x) = 0 for all real numbers, p(1) = 0 and p(2) = 2. Find the

value of p(3) is.

fiR—>SR,flx)= ﬁh +2mx+n
, x°+1

is [— 4, 3), then find the value of Im + nl is.

. If the range of this function

16. If a and b are positive numbers and each of the equations x>

+ ax + 2b =0 and x* + 2bx + a = 0 has real roots, then the
smallest possible value of (a + b) is.

17. Suppose a, b, ¢ are the roots of the cubic x* — x> -2 = 0.

Then the value of @® + b* + 3 is.

18. Given that x> — 3x + 1 = 0, then the value of the expression

=x"+x"+ x?° + x7 is divisible by prime number.
y Yy Pp

19. Suppose a, b, ¢ € I such that greatest common divisor of

¥+ ax+ band x* + bx + ¢ is (x + 1) and the least common

20.

21.

22,

23.

24,

25.

26.

27.

28.

29,

30.

- 31.

32.
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multiple of x> + ax + b and x* + bx + ¢ is (x> — 4x* + x + 6).
Then the value of la + b + ¢l is equal to.
If the roots of the cubic, x> + ax? + bx + ¢ =0 are three con-
2
secutive positive integers. Then the value of —a—l is equal
b+
to.

1 1
Ifx+y+z=12and x> +y* + 2= 96 and ;+—+— = 36.
5 y V4 .

Then the value x* + y* + 2 is divisible by prime number.

Let ¢ and f3 be the solutions of the quadratic equation x—

1154x + 1 = 0, then the value of *\/o + 4.\/3 is equal to.

_ @ -d+a
If a*— 4a + 1'= 4, then the value of Ty
a* —

is equal to.

-1 (@#1)

The function fix) = ax® + bx* + cx + d has three positive
roots. If the sum of the roots of f(x) is 4, the largest possible
integral values of c/ais.

Letx*+y*+xy+12>a(x+y)Vx, ye R, then the number
of possible integer(s) in the range of a is.

a, b and c are all different and non-zero real numbers in
arithmetic progression. If the roots of quadratic equation

1 1
ax? + bx + ¢ = 0 are and S such that E+—, o+ fand o

+ [ are in geometric progression, then the value of a/c will
be.

All the values of k for which the quadratic polynomial f{x)
=—2x% + kx + k? + 5 has two distinct zeroes and only one of
them satisfying 0 <x < 2, lie in the interval (a, b). The value
of (a + 10b) is.

The quadratic equation x* + mx + n = 0 has roots which are
twice those of x* + px + m = 0 and m, n and p # 0. Then the
value of n/p is. :

a,b,carerealssuchthata+b+c=3and ! + 1
a+b b+c c+a.
=2.Thevalueof 4 + b + ¢ is.
3 b+c c+a a+b

Let a, b and ¢ be real numbers which satisfy the equations

1 -1
a+ — =“l, )+ — =—.andc+i=l.Thevalue
bc 5 ac 15 ab 3

-b .
of < 1s equal to.
c—a

If a, b, ¢ are non-zero real numbers, then the minimum value
(@* +3a> +1)(b* + 56> +1)(c* + 72 +1) ]

of the expression
[ a’b’c?
is not divisible by prime number.

If a, b e Rsuch that a + b =1 and (1 — 2ab) (a® + b%)
= 12. The value of (¢® + ?) is equal to.
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33, If the cubic 2x* — 9x + 12x + k = 0 has two equal roots then

34. Let a, b and ¢ be distinct non zero real numbers such that

Subjective Type
1. Solve for x: 4* -3+ -2 =352 g2l (IIT-JEE, 1978)
2. Solve forx: Jx+1—yx—1=1. (IIT-JEE, 1978)
3. Solve the following equation for x: 2 log a + log «
+ 3log, a=0,a>0. (IIT-JEE, 1978)
4. Show that the square of («126—15\/5)/(5\/5—438%\/5) is -
a rational number. (IIT-JEE, 1978)
5. Find all integers x for which (5x — 1) < (x + 1)* < (7x = 3).
(IIT-JEE, 1978)
6. If a, 8 are the roots of x> + px + g = 0 and y, J are the roots
of ¥+ rx+s5=0, evaluate (o - y) (a = ) (F—y) (f —J) in
terms of p, g, r and s. Deduce the condition that the equa-
tion has a common root. (IIT-JEE, 1979)
7. Show that for any triangle with sides @, b and ¢, 3(ab + bc
+ca) < (a+b+c) <4 (bc+ca+ab). When are the first
two expressions equal? (IIT-JEE, 1979)
8. Let y=\/((x+1) (x=3))/(x—2) . Find all the real values of x
for which y takes real values. (IIT-JEE, 1980)
9. For what valyes of m, does the system of equations
3x +my = m, 2x — 5v = 20 has solution satisfying the condi-
tions x > 0, y > 0. (IIT-JEE, 1980)
10. Find the solution set of the system
x+2y+z=1
2x=3y-w=2
x20,y20,z20,w=0 (IIT-JEE, 1980)
11. Show that the equation ¢*"* — ¢+ — 4 = 0 has no real solu-
tion. (IIT-JEE, 1982)
12. mmn squares of equal size are arranged to form a rectangle of

Algebra

m aximum value of Ikl is

1-a° _ -5 B 1-¢°

. The value of (&* + B> + %), is
a b c

Solutions on page 1.86

dimension m by n, where m and n are natural numbers. Two
square will be called ‘neighbours’ if they have exactly one
common side. A natural is written in each square such that

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,
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the number writien in any square is the arithmetic mean of
the numbers written in its neighouring squares. Show that
this is possible only if all the numbers used are equal.

(IIT-JEE, 1982)

If one root of the quadratic equation ax* + bx + c¢.= 0 is equal
to the n'™ power of the other, then show that

Y. |
(ac")” +1 +(a”c)" +1 +b=0

(IIT-JEE, 1983)

Find all real values of x which satisfy x> — 3x + 2 > 0 and
x2-3x-4<0. (IIT-JEE, 1983)

Solve for x: (5+2\/E)1\'2—3 +(5_2\/€)A’2—3=10 .
(IIT-JEE, 1985)

For a <0, determine all real roots of the equation

¥=2alx—al-3a*=0 (IIT-JEE, 1985)

Find the set of all x for which 2x/(2x>+5x+2)>1/(x+1).
(IIT-JEE, 1987)

Solve Ix? + 4x + 3+2x+5=0. (1IT-JEE, 1988)

Let a, b, ¢ be real. If ax* + bx + ¢ = 0 has two real roots a
and 3, where a < —1 and > 1, then show that
1+£4i8<0 (IIT-JEE, 1995)
a a

The real numbers x,, x,, x, satisfying the equation x*~ x°
+ bx +y =0 are in A.P. Find the intervals in which f and y
lie. (IIT-JEE, 1996)

Let S be a square of unit area. Consider any quadrilateral,
which has one vertex on each side of S. If a, b, ¢ and d
denote the lengths of the sides of the quadrilateral, prove
that2<a®> + B> + A+ &# <4. (IIT-JEE, 1997)

Let fix) = Ax* + Bx + C, where A, B, C are real numbers.
Prove that if f{x) is an integer whenever x is an integer, then
the numbers 24, A + B and C are all integers. Conversely,
prove that if the number 24, A + B and C are all integers,
then f(x) is an integer whenever x is an integer.

(IIT-JEE, 1998)

If @, f are the roots of ax® + bx + c=0(a#0)anda + 6, f+J
are the roots of Ax> + Bx + C =0 (A # 0) for some constant
5, then prove that (b*—4ac)/a*=(B*—4AC)/ A*.

(IIT-JEE, 2000)

Let a. b, ¢ be real numbers with a # 0 and let ¢, f§ be the
roots of the equations ax? + bx + ¢ = 0. Express the roots of
a’x? + abcx + ¢ =0 in terms of a, S. (IIT-JEE, 2001)
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25. If 2 +(@a—b)x+ (1 —a—b)=0where a, b €R, then find
the values of a for which equation has unequal real roots
for all values of b. . (IIT-JEE, 2003)

26. Let & and b be the roots of the equation x> — 10cx — 11d =
0 and those of x*> — 10ax — 115 = 0 are ¢, d. Then find the
value ofa+b+c+d, whena#b#c#d.

({IIT-JEE, 2006)

Objective Type
Fillin the blanks

1. The coefficient of x* in the polynomial (x — 1)(x — 2)
-«(x —100) is (IIT-JEE, 1982)

2. If2 + i3 is a root of the equation x* + px + g = 0, where p
and g are real, then (p, ) = ( , ).

3. If the product of the roots of the equation x* — 3kx + 2e2'"*
—1 = 0O1is 7, then the roots are real for =

4. If the quadratic equations x>+ ax + b=04dand x>+ bx+a =
"~ 0 (a # b) have a common root, then the numerical value of
a+bis (IIT-JEE, 1986)

5. Ifx<0,y<0,x+y+(x/y)=(1/2)and (x+y) (x/y)=— (1/2), then

x= and y = (IIT-JEE, 1982)

6. The sum of all real roots of the equation Ix — 2I* + [x — 2|

~-2=0is (IIT-JEE, 1997)

7. The solution of the equation log, log, (vVx+5 + Jx)=0is
(IIT-JEE, 1986)

True or false

1. The equation 2x* + 3x + 1 = 0 has an irrational root.
(IIT-JEE, 1983)

2. Ifa < b<c<d, then the roots of the equation (x — a) (x — ¢)

+ 2 (x = b) (x -d) = 0 are real and distinct.
; dIT-JEE, 1984)

3. Ifn,n, ....n arep positive integers, whose sum is an even
number, then the number of odd integers among them is
odd. (IIT-JEE, 1985)

4, If P(x) = ax’ + bx + ¢ and Q(x) = —ax* + dx + ¢, where
ac # 0, then P(x) O(x) = 0 has at least two real roots.

(IIT-JEE, 1985)

Multiple choice questions with one correct answer

1. If {, m, n are real [ # m, then the roots of the equation
(I-mxX*=5+m)x—2(I-m)=0are

a. real and equal b. complex

JEE (MAIN & ADV.), MEDICAL
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d. none of these
(IT-JEE, 1979)

¢. real and unequal

2. If x, y and z are real and different and u = x* + 4y* + 972
— 6yz — 3zx — 2xy, then u is always
a. non-negative b. zero

d. none of these

(IIT-JEE, 1979)

€. non-positive

3. Ifa>0,b>0and c > 0 then the roots of the equation ax?
+bx+c=0
a. are real and negative
¢. have negative real parts

b. have positive real parts
d. none of these
(IIT-JEE, 1979)

4. Both the roots of the equation (x - b) (x —¢) + (x — a) (x
= ¢) % (x~a) (x - b) = 0 are always
a. positive b. real

d. none of these

(IIT-JEE, 1980)

¢. negative

5. If (&> + px + 1) is a factor of (ax® + bx + ¢), then
b.a*-c?=—ab
d. none of these

(IIT-JEE, 1980)

aa*+ct=—ab
c.a>—c?=ab

6. The number of real solutions of the equation
X?=31xl+2=0is

a. 4 b. 1 c.2 d. 0 (IIT-JEE, 1982)

7. Two towns A and B are 60 km apart. A school is to be built
to serve 150 students in town A and 50 students in town B.
If the total distance to be travelled by all 200 students is to
be as small as possible. then the school be built at

b. 45 km from town A
d. 45 km from town B
(EIT-JEE, 1982)

a.town B

c.town A

8. The largest interval for which x? =X+ x*—x+1>01is-
a.-4<x<0 b.0<x< 1
c. —100 < x<100 d.—w<xr<w
(IIT-JEE, 1982)

9. The equation x—2/(x~1)=1-2/(x~1)has

a. no root b. one root

€. two equals roots d. infinitely many roots

(IT-JEE, 1984)
10. If a> + b*> + ¢* = 1, then ab + bc + ca lies in the interval

A

b. [-1, 2]
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11.

12.

13.

14.

15.

16.

17.

18.

(IIT-JEE, 1984)

If @ and B are the roots of x* + px + g = 0 and o*, * are the
roots of x2 — rx + s = 0, then the equation x*> — 4gx + 2¢*> — r
= 0 has always

a. one positive and one negative root
b. two positive roots
c. two negative roots

d. cannot say anything (IIT-JEE, 1989)

Leta, b, ¢ be real numbers, a # 0. If a is a root of a®x? + bx
+ ¢=0. Bis the root of a®x* — bx — ¢ =0and 0 < a < 5, then
the equation a®x* + 2bx + 2¢ = 0 has a root y that always
satisfies

a+p B
. y=--=t b. y=o+%
a. y ;. reat
c.y=a ' doa<y<p

(IIT-JEE, 1989)

The number of solutions of the equation sin(e®) =5+ 5 is
a.0 b. 1
c. 2 d. infinitely many

Let a, 8 be the roots of the equation (x —a) (x—b)=c,c #0.
Then the roots of the equation (x ~ a) (x — ) + ¢ = 0 are

b.b, ¢
d.a+c,b+c
(IIT-JEE, 1992)

a.a,c

c.a b

The number of points of intersection of two curves
y=2sinxandy=>5x>+2x+31is

a. 0 b.1

c.2: d. (IIT-JEE, 1994)

If p, q, r are -il-ve and are in A.P., iﬁ the roots of quadratic
equation px* + gx + r = 0 are all real for

a. >4.3 ' b. [2_7243
r

-
-7
P
d.nopandr

(IIT-JEE, 1994)

c.all pandr

The equation /x+1—/x—1=/4x-1 has

a. no solution b. one solution

d. more than two solutions
(IIT-JEE, 1997)

¢. two solutions

If the roots of the equation x> — 2ax + a* + a — 3 =0 are real
and less than 3, then

19.

20.

21

22,

23.

24,

25.

26.
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bh.2<a<3
d.a>4 (IT-JEE, 1999)

a.a<?2

c.3<a<4

If & and B (a < B) are the roots of the equation x* + bx + ¢
=0, where ¢ < 0 < b, then :

al<a<f b.a<0<pg<lal
doao<O<lal<p

(HIT-JEE, 2000)

c.a<f<0

If b > a, then the equation (x — @) (x — b) — 1 =0 has
a. both roots in (a, b)
b. both roots in (-0, @)
¢. both roots in (b, +o)
d. one root in (-o0, a) and the other in (b, +o)
(IIT-JEE, 2000)

For the equation 3x* + px + 3 =0, p > 0, if one of the root is
square of the other, then p is equal to

a. 1/3 ~b.1 c.3 d.2/3  (IIT-JEE, 2000)

Let f(ix) = (1 + b)x2 + 2bx + 1 and let m(b) be the minimum
value of f(x). As b varies, the range of m(b) is

a. [0, 1]

d. (0, 1]
(IIT-JEE, 2001)

Let a, B be the roots of x> — x + p = 0 and 7, J be roots of x
—4x+q=0.1If a, B, y, d are in G.P., then the integral values
of p and g, respectively are

d. -6, -32
(IIT-JEE, 2001)

a.-2,-32 b.-2,3 c.—6,3

The set of all real numbers x for which x> — lx + 2l + x > 0 is
b. (—e0,—v2) U2, )
d. (2,0)

a. (=0, -2)

c. (o, 1) U (1, )
(1IT-JEE, 2002)

If f(x) = x* + 2bx + 2¢* and g(x) = —x? — 2¢x + b? are such that
min f(x) > max g(x), then the relation between b and ¢ is

b.0<c<bi2
d. Icl > 1bN2

a. no relation

¢ lel < 1bN2 (IIT-JEE, 2003)

For all x, x> + 2ax + 10 — 3a > 0, then the interval in which
a lies is
b.-S5<a<?2

d.2<a<5
(IIT-JEE, 2004)

a.a<-5

c.a>5
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27. If one root is square of the other root of the equation x* + px
+ g = O, then the relation between p and ¢ is

ap —q@3p-1)+4°=0
b.pP—q@Bp+1)+4¢°=0
c.pP+qBp-D+4¢ =0

d.pP+q@p+1)+4*=0 (IIT-JEE, 2004)

28. Let a, S be'the roots of the quadratic equation ax® + bx+c¢=0
and A =P —4ac. fa+f, &* + f°, & + [ are in G.P. Then

aA=0  b.A%0 . bA =0 d.cA=0

(I1IT-JEE, 2005)

29. Let a, b, ¢ be the sides of a triangle, where a # b # ¢ and 2
€ R. If the roots of the equation x° + 2(a + b + ¢)x + 34 (ab
+ bc + ca) = 0 are real. Then

b. A>>
3

d. Ae i,i
3°3
30. Let o, B be the roots of the equation x> — px + r = 0 and

a/2,2B be the roots of the equation x> — ¢x + r = 0. Then
the value of ris

(1T-JEE, 2006)

2
b. ~@-pr)Qr-9

2
a3 @—9Cq9-p) o

2
¢ 5 @=2p)Ca-p) d-§w2p—q)@q—p)
(IIT-JEE, 2007)

‘31. Let p and g be real numbers such that p # 0, p’ # g and p’
# —q. If @ and B are non-zero complex numbers sati'sfying
and o + B=—-p and & + F° = g, then a quadratic equation
having o/ and B/« as its roots is '

a. (PP + ) —(p 2 x+(p +¢)=0
b. (p° +q)x” —(p’ =2q)x+(p* +q)=0
¢ (p'—q)x’ =(5p’ =2q)x+(p* —q)=0

d (P =X —=(Sp +2¢)x+(p' —g)=0
(IIT-JEE, 2010)

32, A value of b for which the equations x> + bx— 1 =0, x* + x
+ b =0 have one root in common is
a. —\2 b. -3 V2. d.\3

(IIT-JEE, 2011)
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33. Let cand Bbe the roots of x? — 6x —2 =0, with a> . If a
-2
=" — B" for n > 1, then the value of tho ~ 2y is
2ay
a. l b.2 c.3 d. 4
(IIT-JEE, 2011)

Multiple choice questions with one or more than one correct
answer :

1. Forreal x, then function (x—a) (x—b)/(x—c) will assume all
real values provided

b.a<b<c
d.a<c<b

aa>b>c

c.a>c>b (IIT-JEE, 1984)

2. If Sis the set of all real x such that (2x—1)/(2x*+3x3 +x) is
positive, then S contains

11
C. 472

e. none of these

o[t

(IIT-JEE, 1986 )

. .3 2 5
. =(logyx)” +logy x — =
3. The equation x* 4=42 has

a. at least one real solution

b. exactly three solutions

¢. exactly one irrational solution

d. complex roots (IIT-JEE, 1989)

Assertion and reasoning

1. Leta, b, ¢, p, g be real numbers. Suppose «, 5 are the roots
of the equation x* + 2px + g = 0 and 1/, are the roots of the
equation ax*+ 2bx + ¢ = 0, where f* ¢ {-1,0, 1}.
Statement 1: (p?> —-q) (b*—ac) >0
Statement 2: b # pa or c # ga

a. Statement 1 is true, statement 2 is true; statement 2 is a
correct explanation for statement 1.

b. Statement 1 is true, statement 2 is true; statement 2 is not
a correct explanation for statement 1.

¢. Statement 1 is true, statement 2 is false.

d. Statement 1 1s false, statement 2 is true.
(IIT-JEE, 2008)

Integer type

1. The number of distinct real roots of x* —4x® + 1222 + x — 1
=0 is. (IIT-JEE, 2011)
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Subjective Type [N R Ll From (4) and (5) (@*+b*+¢%)/(ab+be+ca) can never lie in (o,

L. Let, 4. Let a, 8 be the root of a quadratic and a2, £ be the roots of

( \/ X —5x+6+ \/ ¥ 5x+ 4y = 4 another quadratic. Since the quadratics remain same, we have
and a+pf=at+p )

(Va? ~5x+6 —x’ ~5y+4)" = af = oif | ¥)
We have, Now, .

x4 x aff = a*f*

,;+B =24 =2x2% and AB = 22 = af(l-af)=0
Therefore, = = =

U—BF =4+ By — a5 - Ca: . a=0o0rf=0 or af=1

X

=4><27—4><2'5=O When a = 0, from (1),
a+f=o+p

= A=R

= p=p
Since powers in 4 and B are same, either the power is equal to =& =0
zero or the bases are the same. Hence, = BU-p=
= f=0orf=1
x=0or \/x —5x+6+\/x —Sr+4 i Thus, we get two sets of values of @ and §, viz., a = 0,f=0and a
=Vx? =55 +6—Jx’—5x+4 =0,p=1
5 CaseIl:
= -x=0o0r Vx*-5x+4=0 When f=0, from (1),
= x=0orx=4orl at+f=al+p?
2. Suppose one root of the equation is » + iv, then the other root = g=
would be » — iv. Hence, = a(l—a)=0
2 2 2
= A - + B - +_._+L._=k (1) = a=0 or a=1
U-aytiv. @-by+tiv ©—hy+iv Thus, we get two sets of values of and g, viz.,6=0,f=0and a
ahd ~L.A=0.
5 X R Case III:
A + B +o 4 iz =k ) When af = 1, from (1),
U-—ay—iv. @u-by-iv @—rmy—iv a+f=al+p
From (1) = (2), we get ' 1
: = (Jc+i=ozz+i2 {.'aﬁzl:,[#—J
. A? B? H? : o o (24
v 3 == 3 +...+%2 =0
@—ay +v* @by +v* “@—h) +v? 1 1)
= a+—:(a+—J -2
This is possible only when v = 0, and for this case there is no a o
imaginary root \ 132 |
3. Given,a#b#c,a,b,ce R Now, = [a+gj —[a+;j—2:0
ax*+bx+c>0
= b'—dac<Oanda>0 (M = ¥ -y-2=0,where y=q+
bxl’+cex+a20 T ’ ) o
-2)p+D=0
= -4ab<0andb>0 @  Z iyzz)gr y)=—1
ex*+ax+b20 Now
= &~4bc<0andc>0 3) =2

Equality cannot hold simultaneously in (1), (2) and (3). 1
b2+ 2 = O(+E=2
—_— 4)
ab+bc+ca = a=1

Now, Similarly,
@=bP+ (b= +(c—a)P>0( a,b,care distinct) y=-1
(lz+b2+cz = a+i:_1

> 5
ab+bc+ca ©) o
= od+a+1=0
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=, w* (where @, ¢ are cube roots of unity.

-1t
= a———z—

See in Chapter 3 for more details)

When
a=la=1=p=1

When

=

1
a=w,0=1=p= pu

When

a=0%af=1=p= 512— =w

Thus, when aff =1, we get two sets of values of a and g, viz.,

a=1=la=w,f=o%
Hence, there are four sets of values of a and f, viz. a = 0,
B=0;a=1,=0a=1,4=1and a=w, = w’ Consequently,
there are four quadratic equations, which do not change by squaring
their roots.
5. The given equationis x> —px - (p +¢) = 0.

at+f=paf=—(@p+c)

So,

(c+ DB+

=aﬁ+(d+ﬂ)+1

=—-(@+c)+p+1

=1-¢ (1)
Now,

ol +20+1 . B2+2B+1
o +2o+c BEH2B+c

_ (ot (B+1)?
(a+1)> =(1-¢) (B+1)*=(1-0)

- (a1’ A (B+1?
(@+D =(a+1)(B+D)  (B+D*—(a+D(B+])

[Using (1)]
o+l | B _ (@+D-(B+D _
a-B  B-a a-p

6. Since a, § are the roots of equation ax” + bx + ¢ = 0, therefore,

1

ac*+ba+c=0
aff+bf+c¢=0

oz+[3=—£,ocﬁ=£
a a

Given, § =a"+ 5. Now,

as,. +bS +cS |

= a(o™! + ) + b(a" + f7) + c(e' + fr)

=" (ad® + ba +c) + ! (af? + bB + ¢)

=a"'x0+f7"x0

=0
bg-Cs,, (1)
a a
Putting n =4 in (1), we get

b

S,=—-28,-<5,
a a

Sn+1:_
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= —2( b 53—552j—553 [From (1), when r = 3]
a a

a a

bt ¢ be
= = Sy +—8.

a

_ M8 -2a0)|( b 2| (B'-ac)c( b
) a a a a Ja\ a
[ Szzaz"'ﬂQ:(a“',B)z—zaﬂandS]=a+ﬂ= _2]
a

4
a

=—is(b2—2ac)2+
a

7. 4’+2x-1=0
1 1

a+ﬁ——5,aﬁ——z ‘ e9)]
Also, 46* + 20 — 1 = 0 as a is a root, and we. have to prove that
B =40 -3a. Now,

40 -3a =40’ a - 3a

=a(l - 2a) - 3a

=202 -2«

|
=——[4a” +4o
2[ 1
——l[l—2a+4a]
2

1 1
=——(1+20)=——-0a=
2( ) > B
Now,

a+p=- [From (1)]

1
2
Hence, the other rogt f is 4a® — 3a.

8. The given equation can be written as (ay + a’)x> + (by + b')x
+ (cy + ¢’) = 0. Since roots are rational, therefore, D is a perfect
square. Hence, (by + b")? — 4(ay + @’) (cy + ¢} is a perfect square.
That is, yX(b* — dac) + [2bb" — 4(ac” + a’c)] y + (b —4a’c’) is a
perfect square. In other words, the roots of the above equation
are equal so that D =0.

[2bb" — 4ac” + a’c)]? — 4(B* — dac) (b —da’c’) =0
On simplifying, we get the required resuit.
9. Given roots are real and distinct. So,
a-4b>0=b< a4 (1
Again a and f differ by a quantity less than ¢ (¢ > 0). Hence,
la -l <cor(a-pP<c? ‘
= (a+p)P-4af<c?
= d-4b<c?

<b ' 2

2
<b<“7 [From (1) a